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Abstract

The distribution curves are useful on P-P Plots to identify viable alternative
probability models for the sample data when the hypothetical distribution is
rejected. In this paper, an extension of the distribution curves on Normal S-P Plots
is provided. Likewise, the key features of the main probability plots, Q-Q Plots, P-
P Plots and S-P Plots, used as a visual tool for assessing the fit of a given
probability model to some data, are reviewed. Moreover, an R script to construct
some distribution curves on a Normal S-P Plot, when the normal distribution is

rejected for the sample observations, is developed.
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Resumen

Las curvas de distribucién se usan en los P-P Plots para identificar posibles
modelos de probabilidad alternativos para una muestra cuando se rechaza la
hipotesis distribucional de partida. En este articulo, se realiza una extension de las
curvas de distribucion para los S-P Plots Normales. Asi mismo, se analizan las
caracteristicas fundamentales de los principales graficos de probabilidad: Q-Q
Plots, P-P Plots y S-P Plots, que son usados como una herramienta para
determinar de forma grafica el ajuste de un modelo de probabilidad dado a unos
datos concretos. Ademas, se desarrolla un programa o script en R para construir
algunas curvas de distribucion en un S-P Plot Normal, cuando la distribucién

normal es rechazada para las observaciones muestrales.
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1. Introduccién

Graphical techniques are used as a tool for studying the distributional behaviour of a set
of observations as an alternative to analytical techniques since they are more intuitive
and easily interpretable.

The probability plots are those that represent theoretical quantiles or probabilities against
empirical quantiles or probabilities, respectively. Theoretical quantiles or probabilities
correspond to the hypothetical distribution that we want to assess if a set of observations
have it. Empirical quantiles or probabilities are referred to the sample data studied.

The main probability plots are: Quantile-Quantile Plot or Q-Q Plot, Probability-
Probability Plot or P-P Plot and Stabilized-Probability Plot or S-P Plot.

Let {x;, x5, ..., x,} be a simple random sample of size n from a distribution F(x) with
unknown location and scale parameters denoted by p and o, respectively. Let Fy(x) be
the distribution function of the hypothesized probability distribution, i.e., that with
which the distribution of observations is compared.

The Q-Q Plot is constructed representing the quantiles of empirical distribution (that of
the set of observations studied) against the corresponding quantiles of the theoretical
distribution, previously selected. Therefore, the Q-Q Plot will plot the empirical
quantile, i.e., the ordered observations from lowest to highest, x(;), =1, ...,n, against
the theoretical quantiles, i.e., Fy *(p;), i =1, ...,n, , where p; is an appropriate plotting
position. If the theoretical distribution is a good approximation of the data distribution,
the plotted points would have a straight configuration or almost straight configuration.

In the P-P Plots are represented cumulative probabilities of the ordered observations
against the expected cumulative probabilities of the hypothesized distribution. More
specifically, the standardized P-P Plots are constructed plotting the cumulative proba-
bilities FO((x(i) - ,u)/a), i =1,..,n against plotting position, p;, i =1, ...,n. In case
of 1 and ¢ are unknown, they will be replaced by their maximum likelihood estimators,
fi and & and in case of normal distribution, the usual unbiased variance estimate will be
used [6,15]. If the theoretical distribution is a good approximation of the data
distribution, plotted points are arranged around the bisectrix of the first quadrant, i.e.,
about the line y=x defined between 0 and 1.

The S-P Plot [10] or Stabilized-Probability Plot appears as a transformation of the P-P
Plot to stabilize the variance of the plotted points, i.e., in this type of plot the above
mentioned variances are approximately equal.

The origin of the S-P Plots is that in the Q-Q Plots and P-P Plots some points have
higher variance than others. For example, when the theoretical distribution is the normal
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distribution, in the Q-Q Plots the points nearest to the centre of the graph have a smaller
variance than the points of the tails, while in the P-P Plots the opposite happens.

The values

2
= (;) arcsin(\/ﬁ), i=1,..,n

against
2 . .
NS (E) arcsm(\/u_i), i=1..,n
where p; are some appropriate plotting positions and

Xy — U
(l)a )’

ul-=F0( i=1,...,n

are represented in the S-P Plots. As in the P-P Plots, if the theoretical distribution is a
good approximation of the empirical distribution, plotted points are arranged near the
line y=x defined between 0 and 1.

In the construction of the three probability plots described above we can see that the
plotting positions p; involved are key elements. In the literature, there are many
proposals for these values [2,4]. Most of them are derived from the expression

i—c

n—2c+1 O<cs<1

pi
giving different values to c.

Some different definitions arise when it is considered that the p; must be determined
from measurements of localization of order statistics [1, 5, 8,9, 12, 13, 16].

In [2] we can find a comparative study of different plotting positions. This study shows
that the most extreme proposals are those of Hazen (1930) [7] where ¢=0.5 and Weibull
(1939) [14] where ¢=0.

In this paper, the definition of plotting positions proposed by Yu and Huang (2001) [16]
where ¢=0.326, is used, i.e.:

_i-0326
" n+0.348

This formula of the plotting position is based on an approximation to the median of the
order statistics.

pi i=1,..,n
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2. Distribution Curves on Normal S-P Plots

As stated above, by using the probability plots we can assess whether the sample data
come from of a certain distribution. If the plotted points do not follow a straight
configuration, that indicates that the observations do not have the hypothetical
distribution.

In this paper, we will focus on normal distribution, i.e., we can assess whether a set of
observations has a normal distribution. Therefore, in this case, F, = @ is the standard
normal distribution function.

When the plotted points on a Normal S-P Plot do not have a rectilinear configuration,
then, the sample data do not have a normal distribution. The question now is how to
determine an alternative probability model for the data set.

With similar intention, Gan, Koehler and Thompson (1991) [6] constructed the so-
called distribution curves applied to the P-P Plots. These curves allow us to propose an
alternative distribution of probability for observations when the hypothetical
distribution is rejected. The idea is to include in the graph different distribution curves
and to study whether the plotted points are near to someone of them, so that, visually,
we can choose an appropriate probability model. To check if really the observations
follow the actually selected alternative distribution, it would build the corresponding
probability plot for the distribution and check that the points on the graph have an
approximately straight configuration.

In this contribution, an extension of the distribution curves on Normal S-P Plots is
provided.

The procedure to construct a G distribution curve on a Normal S-P Plot for a location-
scale family is the following [2, 3]:

1. Construct a Normal S-P Plot with the sample observations (i. e. {x;, x5, ..., x,}).

2. Select a number k£ and compute the k plotting positions p; by the following
expression:

_izos6
Pi= o038 T

3. Apply the transformation to stabilize the variance:

2
= (E) arcsin(\/ﬁ) i=1,..,k

4. Obtain the values G_l(ri*) for each i = 1, ..., k, where G is the distribution function
of the probability model selected.

5. Use the values obtained in the previous step to calculate the estimates of location-
scale parameters of normal distribution, i and &.
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6. Calculate the values

Gl — i
i =¢<#> i=1,..,k

7. Apply arcsin transformation to stabilize the variance:

2
= (;) arcsin(\/y;) i=1,..,k

8. Plot the pairs of points (7", s;) i = 1, ..., k on the Normal S-P Plot of step 1, joining
them to get a smooth curve.

3. R script

In this section the basic content of an R script [11] to construct some distribution curves
on a Normal S-P Plot is presented. When this R script is run, a Normal S-P Plot and
four distribution curves corresponding to four probability models (uniform, exponential,
Cauchy and Gumbel distributions) are plotted. A number of k=100000 has been
selected. The R script proposed is the following:

sp.curvas <— function(x)

{

X <— sort(x)

n <— length(x)

pyuhuang <— ¢((1:n-0.326)/(n+0.348)) # Plotting Position of Yu and Huang
r <— (2"asin(sqrt(pyuhuang)))/pi

mu <— mean(x)

sd <— sd(x)

s <— (2"asin(sqrt(pnorm((x-mu)/sd))))/pi

plot(r, s, xlim=c(0,1), ylim=c(0,1), xlab="Transformed Plotting Positions",
ylab="Transformed Probabilities")

abline(a=0, b=1)

k <— 100000

p.curve <— ¢((1:k-0.326)/(k+0.348))

r.curve <— (2 asin(sqrt(p.curve)))/pi

library(“evd")

# Distribution curve: Gumbel
y.gumbel <— qgumbel(r.curve)
mu.gumbel <— mean(y.gumbel)
sd.gumbel <- sd(y.gumbel)
gumbel <— pnorm((y.gumbel-mu.gumbel)/sd.gumbel)
s.gumbel <— (2 asin(sqrt(gumbel)))/pi
points(r.curve, s.gumbel, type="1", Ity=1)
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# Distribution curve: Cauchy
y.cauchy <— qcauchy(r.curve)
mu.cauchy <— mean(y.cauchy)
sd.cauchy <- sd(y.cauchy)
cauchy <- pnorm((y.cauchy-mu.cauchy)/sd.cauchy)
s.cauchy <— (2*asin(sqrt(cauchy)))/pi
points(r.curve, s.cauchy, type="1", Ity=2)

# Distribution curve: Exponential
y.exp <— gexp(r.curve)
mu.exp <— mean(y.exp)
sd.exp <— sd(y.exp)
exp <— pnorm((y.exp-mu.exp)/sd.exp)
s.exp <— (2"asin(sqrt(exp)))/pi
points(r.curve, s.exp, type="1", lty=3)

# Distribution curve: Uniform
y.unif <— qunif{r.curve)
mu.unif <— mean(y.unif)
sd.unif <- sd(y.unif)
unif <— pnorm((y.unif-mu.unif)/sd.unif)
s.unif <— (2"asin(sqrt(unif)))/pi
points(r.curve, s.unif, type="1", lty=4)

}

4. Numerical example

Next, an application of the R script is developed. In Figure 1, a Normal S-P Plot of a
simulated sample of 100 observations from a exponential distribution is plotted.
Moreover, four distribution curves are also represented, these that correspond to the
uniform, exponential, Cauchy and Gumbel distributions.

Figure 1 shows that the sample observations do not have a rectilinear configuration and
this indicates that the sample data do not come from a normal distribution.

It can be interested in determining an alternative probability model to the normal
distribution. For this, four distribution curves from uniform, exponencial, Cauchy and
Gumbel distributions are also displayed. The configuration of sample data shows that a
exponential distribution can be the appropriate alternative to the hypothesized
probability distribution, the normal distribution.

To check if the sample data come from a exponential distribution, it has to construct an
Exponential S-P Plot and to study if the plotted points have a rectilinear configuration.
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Figura 1
Normal S-P Plot and distribution curves
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Transformed Plotting Positions

In this example, the size of the sample data is 100. To determine how many sample
observations are necessary to be able to select a distribution as a good candidate as
alternative probability model to the normal distribution, let us see the following example.

Six random samples of size 10, 20, 30, 40, 50 and 100 have been generated from
uniform, exponential, Cauchy and Gumbel distributions. With each of these samples a
Normal S-P plot is constructed. On the Normal S-P Plot of uniform samples a uniform
distribution curve is displayed and the same with the other three distributions. Figure 2
shows the twenty-four plots.

In Figure 2, first, we can observe that the plotted points do not have a rectilinear
configuration in the twenty-four plots. This indicates that the sample data do not come
from a normal distribution. Then, we study if the distribution curves provide a viable
alternative distribution of probability for different sample sizes.

We can observe that when we have small sample sizes some alternative probability
model can be intuited. Sample size of 20 data provides weak information but points to
possible distributions to choose. As the sample size increases the distribution curves
clearly provide an alternative probability distribution to the normal distribution.
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Figura 2

Normal S-P Plot and distribution curves for four distributions and different
sample sizes (n=10,20,30,40,50,100)
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5. Concluding remarks

In this paper, a review of the principal probability plots is presented. Q-Q Plots, P-P
Plots and S-P Plots are a useful graphical tool for assessing if a sample data come from
a determined probability distribution.

When the hypothetical distribution is rejected, the distribution curves can provide a
viable alternative probability model. In this contribution, an extension of the distribution
curves on Normal S-P Plots and an R script to construct some distribution curves on a
Normal S-P Plot are provided.
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Moreover, by an example, a study of the influence of sample size is presented. We can
see that even with moderate sample sizes, the distribution curves displayed on the
Normal S-P Plot, clearly points to a viable alternative probability model to the normal
distribution for the sample data.
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