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Determining the MSE-optimal cross section to
forecast

Ignacio Arbu�es�
December 17, 2010

AbstractIn this paper, we address the question of which subset of time seriesshould be selected among a given set in order to forecast another series.We evaluate the quality of the forecasts in terms of Mean Squared Error.We propose a family of criteria to estimate the optimal subset. Consis-tency results are proved, both in the weak (in probability) and strong(almost sure) sense. The results are generalized for the case in whichthere are more than one series to forecast. We present the results of aMonte Carlo experiment and a real data example in which the criteriaare compared to some hypothesis tests such as the ones by Diebold andMariano (1995), Clark and McCracken (2001 and 2007) and Giacominiand White (2006).Key words: Forecasting; Model Selection; VARMA models.JEL classi�cation: C32; C52; C53.
1 Introduction
If we want to forecast a time series x0t using time series models, we have to decidewhether to use a univariate or a multivariate model, and in this latter case,which variables to include in the model. Once the composition of the vectortime series has been decided, there are many tools to identify and estimatethe model. Consequently, in this paper, we focus on the �rst two decisions.�Ignacio Arbu�es, D. G. de Metodolog��a, Calidad y Tecnolog��as de la Informaci�on y lasComunicaciones, Instituto Nacional de Estad��stica, Castellana, 183. 28071, Madrid, Spain,Tel: 34 915834641, E-mail address: iarbues@ine.es
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More precisely, if we have a certain set of time series, which subset (hereinafter,'subset' will mean a certain subset of the whole set of time series available) isthe most convenient to forecast x0t ? An easy answer to this question is touse all the time series, but if the number of series is large, the number ofparameters of the models is also large (usually growing faster than linearly).In that case, the parameters are computationally di�cult to estimate and evenif the computational di�culties are overcome, the estimates may have largevariances that render the models useless. Methods based in factor models tryto limit the proliferation of parameters while using all the information of thepanel. See, for example, Stock and Watson (2002) or Forni, Hallin, Lippi andReichlin (2005). On the other hand, many classes of models like VARMA donot allow to include many series, since the number of parameter grows too fast.If we want to use a model that does not allow large cross sections, a usualapproach to the problem is to use hypothesis tests. For example, a two-sidedtest is described in Diebold and Mariano (1995), to compare the predictivee�ciency of two models. In Clark and McCracken (2001, 2007), one-side testsare presented, that allow us to decide between nested models, rejecting thenull when the most parsimonious one does not encompass the other. Granger-Causality tests (see Granger, 1969) are designed to determine if some seriesincluded in a certain subset are indeed useful to produce forecasts. Giacominiand White (2006) proposed a test of conditional predictive ability. In Pe~na andS�anchez (2007), a method to compare univariate and multivariate forecasts waspresented.In this paper, we present a di�erent approach. We select the subset, or crosssection, using a selection criterion rather than a hypothesis test. A great varietyof model selection criteria have been proposed, for example, the AIC by Akaike(1973 and 1974), Schwarz's (1978) SBC or the HQ criterion by Hannan andQuinn (1979). The case of misspeci�cation has been analyzed, among others,by Nishii (1988) and Sin and White (1996).Instead of the penalized log-likelihood, our criteria consist of the logarithmof the mean squared h�step prediction error of x0t plus penalty terms that takeinto account, not the number of parameters, but the size of the cross section.Thus, it is not covered by most of the references cited above. The exception issection 6 of Sin and White (1996), but we impose less stringent conditions onthe penalty terms.
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In section 2, we describe in detail the proble of the optimal cross sectionselection. We present in section 3 the class of criteria. Strong and weak consis-tency results are proved for a relatively general class of models in section 4 andin section 5 we show that the assumptions are satis�ed in the case of VARMAmodels.In section 6, some further generalizations are discussed; we consider in sub-section 6.1 the case that the subset is selected among a random class and then,in subsection 6.2 the case that there are more than one series to forecast.In order to assess the performance of the method, we have used Monte Carlosimulations to compare the criteria to some hypothesis tests. Speci�cally, wehave considered the test by Diebold and Mariano and the ENC-T and ENC-NEW test of Clark and McCracken and the conditional predictive ability testby Giacomini and White. The results of this experiment are discussed in section7. Finally, section 8 reports the results of an empirical application.
2 The optimal cross section
Suppose we want to forecast a certain time series x0t at horizon h. For thispurpose, besides x0t itself, we have at our disposal a set of time series fxitg withi = 1; : : : ; N .We also assume that for any subset I � S = f0; : : : ; Ng, such that 0 2 I,there is a forecast x0;It+hjt of x0t+h computed with the information contained inthe series of I. In other words, x0;It+hjt is Ft(I)�measurable, where Ft(I) is the���eld generated by fxIs : s � tg, xIs = (xi1s ; : : : ; xins )0 and I = fi1; : : : ; ing. Inparticular, x0;It+hjt is chosen as the optimal predictor in the sense that it minimizes

�2h(I) = E[(x0t+h � x0;It+hjt)2] (1)
among a certain class of predictors (later, it will be the class of the linear predic-tors). The generalization to other loss functions remains for future investigation.The expression (1) is �nite if x0t+h and x0;It+hjt have bounded second-order mo-ments and it is independent from t if xIt is strictly stationary. In the case oflinear predictors, the condition can be relaxed to weak stationarity.It is possible that some choices of I are ruled out in advance. Consequently,the selection is restricted to a certain class of subsets I � P (f0; : : : ; Ng). Now,we can state our problem, that is, to minimize �2h in I. Let us denote by I0
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the class of minimizers. In general, for any I 2 I0, I � J implies J 2 I0,so the solution will not be unique. Therefore, it is natural to choose, amongthe multiple solutions, those most parsimonious in some sense. Let �(I) be aninteger function of I, such that if I � J , then �(I) � �(J) and if I ( J , then�(I) < �(J). For the sake of generality, we allow di�erent possibilities for �, butin our experiments we use the cardinality of I.Consequently, our aim is to consistently estimate a subset I0 that minimizes� in I0. We call I00 the set of such minimizers. In general, even I00 may havemore that one element, but in some cases uniqueness can be proved.
3 Criteria
In real life, rather than the optimal predictor of x0t+h, we will have an approxima-tion, x̂0;It+hjt, typically computed with an estimated model, say for t = 1; : : : ; T .We can de�ne,

"̂0;It;h = x0t+h � x̂0;It+hjt; (2)
�̂2h(I) = 1T

T�hX
t=1 ("̂0;It;h)2 (3)

and the family of criteria
FC(I) = log �̂2h(I) + �(I)STT ; (4)

where ST is a nondecreasing function of T whose properties will be prescribedin the following sections.With this criteria, we choose the set ÎT as
ÎT = argminI2IFC(I): (5)

The necessity of restraining the choice of ÎT in (5) to a certain class Iis due to the fact that the growth of #P (f1; : : : ; Ng) = 2N makes, even formoderate values of N , unfeasible to try all subsets. On the other hand, theassumption that I is always �xed in advance is not realistic. In some cases,I will be determined using the data of the series and thus it will be random.Nevertheless, in order to introduce the main ideas of the consistency results, wewill present in section 4 the case of deterministic I and in 6.1 we describe thechanges necessary to deal with the random case.
4



We have excluded the possibility of using more than one model for eachsubset I. In that case, a natural extension would be to replace �̂2h(I) by theminimum MSE across models. This variation remains for future research.
4 Consistency
In this section we will establish some conditions under which the estimate ÎTdescribed in the previous section is consistent. Given that the set of optimalvalues, I00, may contain more than one element, we say that ÎT is almost sureor strongly consistent if there exists with probability 1 some T0 such that forany T > T0, ÎT 2 I00. Then, we write ÎT a:s:�! I00. We say that ÎT is consistentin probability if P [ÎT 2 I00]! 1 and we write ÎT p�! I00.
Assumption 1. The class I is closed with respect to union.

This assumption is not unreasonable. If two sets, I and J contain relevantinformation to predict x0t+h, it is natural to try I [ J , so that the predictionsuse both the information from I and J .
Assumption 2. All xIt are weakly stationary and linearly regular1.

If assumption 2 holds, the Wold decomposition of xIt can be written as
xIt = 	(L)"It�k = 1X

k=0	Ik"It�k; (6)
where "It are the linear innovations of xIt and L is the lag operator.
Assumption 3. The following holds,

(a) "It is ergodic, with bounded fourth-order moments, E["It jFt�1(I)] = 0,E["It "It 0jFt�1(I)] = �I , with �I > 0.
(b) The continuation of 	(z) to the unit circle has no unit modulus roots.

Under these assumptions, the best linear predictor of x0t+h using fxIs : 1 �s � tg is the best predictor, in the sense of mean squared error. We may, at
1As de�ned in Hannan and Deistler (1988). This property is also known as "linearly, purelynondeterministic".

5



least theoretically, also consider the best predictor using xIs with s from �1 tot. Let us write both predictors as
P0;It;h = t�1X

k=0P 0;It;h;kLk; P0;Ih = 1X
k=0P 0;Ih;kLk; (7)

where the coe�cients in the second expression do not depend on t due to thestationarity of xIt . We can now write x0;It+hjt as P0;It;h(L)xIt .On the other hand, if we do not know the true model, but rather an estimatedone, we can compute the predictor coe�cients as functions of the estimatedmodel coe�cients and then, the estimated predictors can be written as
x̂0;It+hjt = P̂0;It;h(L)xIt = t�1X

k=0 P̂ 0;It;h;kxIt�k; ~x0;It+hjt = P̂0;Ih (L)xIt = 1X
k=0 P̂ 0;Ih;kxIt�k;(8)where, of course, ~x0;It;h is a theoretical construct and we only introduce it for theproof of the consistency results.Some conditions on the coe�cients above are required.

Assumption 4. The following holds,

(a) P̂ 0;It;h;k = P 0;Ih;k + vT;kwT , where jvT;kj � rk uniformly in T , with Pk rk <+1 and
Pk>s rk = O(s��), � > 0 and wT = O(QT ), for QT =[log log T=T ]1=2.

(b) With probability 1, uniformly for large T , jP̂ 0;It;h;k � P̂ 0;Ih;k j � ut;k;8t � T ,
where

P1t Pt�1k ut;k < +1.

Here we use O(�) and o(�) for almost sure order (later, we write Op(�) fororder in probability). This assumption is related to the consistency of the modelestimates and to the decay of the predictor terms. The condition Pk rk < +1is restrictive, but allows for some forms of long memory, since the decay of thetail of the sum is allowed to be hyperbolic.If almost sure convergence is not guaranteed, assumption 4 can be replacedby a weaker version, in probability (of course, with weak consistency), withwT = Op(T�1=2). We denote the weak version as 4bis.NOTE: we do not impose any relationship between the data used to com-pute the estimates and the data used to forecast, besides that the convergenceof the estimated predictors depends on T . Thus, if we have a time series at our
6



disposal, we can use the whole series to estimate the model and to obtain theforecasting residuals of (3) or we can split the series into a length-Te part toestimate the model and another one of length T to obtain the forecasting residu-als. The assumptions hold as long as Te and T are in an adequate relationship,e.g. limT Te=T 2 (0;+1). On the other hand, the models can be nested ornonnested and they can be identi�ed by whatever method is preferred, as longas consistency is ensured.We establish �rst the following rate of convergence.
Lemma 1. If assumptions 1, 2, 3 and 4 hold, then for any I; J 2 I0, �̂2h(I)��̂2h(J) = O(Q2T ). If assumption 4bis holds instead of 4, then �̂2h(I) � �̂2h(J) =Op(T�1).

We can state now the main result in this section,
Proposition 1. The following holds.

(i) If the assumptions of lemma 1 hold and ST =T ! 0, ST = log log T ! +1,

then Î a:s:�! I00.
(ii) If assumption 4bis holds instead of 4 and ST =T ! 0, ST ! +1, thenÎ p�! I00.
NOTE: if we extended our framework to allow for an in�nite time series classI, we could analyze the case that there is not a �nite optimal cross section. Inthat case, the asymptotic optimality of the predictors could have more practicalrelevance than consistency. Something similar happens in the context of orderdetermination of autoregressive models when the process is an AR(1) (seeShibata, 1980).With an additional assumption we can also prove uniqueness.

Proposition 2. If assumptions 1{3 hold and in addition, I is closed with respect

to intersection, then I00 has only one element.

5 The VARMA case
In this section we show that in the framework of VARMA models, with quiteusual methods of identi�cation and estimation, we can use the criteria to con-sistently estimate the optimal cross section. We will consider models of the
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form �(L)xIt = �(L)"It ; (9)
where �(L) and �(L) are matrix polynomials and "It is a vector of innovations.For identi�cation purposes, the class of the ARMA models is usually partitionedin subclasses indexed by a multi-index � in some di�erent ways, for example,
(a) � = (p; q), where p and q are the degrees � and �.
(b) � = (�0; : : : ; �s) the Kronecker indices.
We denote the subclasses of the partition as M(I; �). Then, the identi�-cation of the ARMA model for xIt consists of estimating the multi-index �̂(I)among a certain set A(I). For example, we can use a consistent informationcriterion such as BIC. Then, Î is estimated as described in section 3, x̂0;It+hjtbeing the best linear predictor corresponding to the VARMA model estimatedby maximum likelihood in M(I; �̂(I)).Let us now express the assumption of good speci�cation as,

Assumption 5. For any I 2 I, there exist a multi-index �0 2 A(I) and matrix

polynomials �I0(z);�I0(z) in M(I; �) such that,

(a) �I0(L)xIt = �I0(L)"It .
(b) For any z such that jzj � 1, j�0(z)j, j�0(z)j 6= 0.
We need a technical lemma, before establishing the consistency of Î. In thislemma we omit for simplicity the superscript I.

Lemma 2. Let us assume that �;� are such that j�(z)j; j�(z)j 6= 0 for any z,jzj � 1 and, �̂ = � +O(QT ), �̂ = � +O(QT ). Then,

kP̂ 0h;k � P 0h;kk � uT vk; (10)
where uT = O(QT ) and vk = O(�k) and 0 < � < 1.

With this lemma, we can prove the following proposition.
Proposition 3. If assumptions 1, 2, 3 and 5 hold, then assumption 4 also holds

and ÎT a:s:�! I00.
Lemma 2 and proposition 3 can be easily adapted to the case of convergencein probability.
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6 Generalizations
In this section, we consider some variations of the framework described in theprevious sections.In 6.1, we consider the case that instead of choosing the subset among theelements a �xed I, we have a random Î. This generalization is necessary ifthere are so many series that a preliminary work is done in order to discardsome subsets before using FC. If the pre-selection is done using the data of theseries, then the subset is in fact selected among a random class. We providesome natural assumptions under which the FC-selected ÎT is still consistent.In 6.2, we analyze the case that we are interested in forecasting several ofthe time series available with the same multivariate model.
6.1 Random I

We will now choose Î as argminI2IT FC(I), where IT is random and possi-bly depending on the time series, whence the subscript. In order to achieveconsistency, it is necessary to impose some constraints in the behavior of IT .In particular, we have to avoid the case that there are optimal subsets, say I,such that I 2 IT and I =2 IT in�nitely many times. For the sake of brevity,we restrict the analysis to the strong convergence results, but it can be easilyadapted to the weak case.Let us de�ne,
Ip1 = fI 2 P (f0; : : : ; Ng) : P [I 2 lim supTIT ] = pg; (11)Ip1 = fI 2 P (f0; : : : ; Ng) : P [I 2 lim infTIT ] = pg; (12)

where
lim supTAT = 1\

T=1
1[

S=T AS ; (13)
lim infTAT = 1[

T=1
1\

S=T AS : (14)
We can now express more precisely the condition on IT .

Assumption 6. I11 6= ; and for any J 2 Sp>0 Ip1 n I11, �2h(I) � �2h;�, where
�2h;� = minI2I11 �2h(I): (15)
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If the inequality holds as equality, then �(J) > minf�(I) : I 2 I11g.
With this assumption, we can focus on the set I11. Let us denote by I1;0the minimizers of �2h in I11 and by I1;00 the minimizers of � in I1;0. Then,we can state the following proposition,

Proposition 4. If 1, 2, 3, 4 and 6 hold, then ÎT a:s:�! I1;00.
With the generalization to the random IT , we can analyze some examples.We present one in which a scheme to build IT using the data is combined withFC to provide a consistent estimate of the |in this case unique| element ofI1;00. Then, we analyze other method that produces inconsistent estimates.

Example 1. A consistent method to select ÎT .
Let us consider the following scheme to build IT .
(i) ~I0 = f0g.
(ii) For k > 0, ~Ik = ~Ik�1 [ fjg, where j = argminj =2~Ik�1 �̂2h(~Ik�1 [ fjg).

The process ends with ~IN = f0; : : : ; Ng and then, IT = f~I0; : : : ; ~INg. In orderto study the asymptotic behavior of IT , we de�ne I0; : : : ; IN according to (i)and (ii) but with �2h instead of �̂2h. Let us write �2h(I0) � �2h(I1) � : : : ��2h(Ik0) = : : : = �2h(IN ), where for the sake of simplicity we also assume thatthe inequalities are strict.It is easy to see that under the assumptions of section 4, w.p. 1, for anyj � k0, ~Ij ! Ij . Thus, fI0; : : : ; Ik0g � I11 and for �(I) = #I, assumption 6holds. Then, ÎT chosen among the elements of IT according to FC is a consistentestimate of Ik0 .
Example 2. An almost surely inconsistent method to select ÎT .

We want to forecast x0t+1 using information up to t with VAR models. Wecan use the scheme (i)-(ii) from the previous example, but now, we make ahypothesis test on H0 : �0;k;l = 0, for l = 1; : : : ; p. That is, we test that thecoe�cients of xlt in the equation of x0t are null. Then if we reject H0, we go onto the next iteration of (ii), but if we accept, then the process terminates andÎT = ~Ik.
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We can see that with probability 1, ÎT 9 Ik0 , where k0 is as in example 1.Under the assumptions of proposition 1, the estimates �̂0;k;l satisfy a Law ofthe Iterated Logarithm and then, w.p. 1,
lim supT �̂0;k;l � �0;k;lQT = a1=2; (16)

where a is the variance of the asymptotic (gaussian) distribution of T 1=2(�̂0;k;l��0;k;l). On the other hand, we reject at 100� (1� �)%, when����� �̂0;k;lT�1=2a1=2
����� > ��; (17)

where �� is the value such that P [Z > ��] = �=2 when Z is a a zero-mean,unit-variance Gaussian. From (16), we know that with probability 1, even if thenull hypothesis holds, there exists a subsequence such that the left side of (17)diverges to in�nity as log log T . Thus, with probability 1, ÎT 6= Ik0 in�nitelymany times as T !1.
6.2 Forecasting Multiple Series

Let us now introduce the case that we want to forecast several time series. In or-der to maintain as much as possible the notation of the previous sections, in thissection the symbol x0t mean (z1t ; : : : ; zmt )0 and thus, xIt = (z1t ; : : : ; zmt ; xi1t ; : : : ; xint )0.If we intend to apply the techniques of the previous sections to this case,it is necessary to adapt the criterion of optimality �2h(I) = minJ2I �2h(J). Wecan use the order relationship de�ned in the set S+ of the symmetric positivesemide�nite matrices by
A � B () 9C 2 S+; B = A+ C: (18)

Now, we can adapt the results of the m = 1 case. If �h(I) is now the matrix
�h(I) = E["0t+hjt"0t+hjt0]; (19)

where "0t+hjt is as in section 2, but now a vector, the symbol I0 denotes the setall I 2 I such that �h(I) � �h(J) for any J . If f0; : : : ; Ng 2 I, then I0 isnonempty. Again, I00 is de�ned as in section 2.The relationship � in S+ does not directly provide a criteria to select Î be-cause it is not a total order relationship, so we have to summarize the informa-tion of �̂h(I) into some scalar. We can do it with a scalar function � : S+ 7! R.
11



We will study the asymptotic behavior of Î with a quite general family ofsuch functions. We only restrict � in the following way,
Assumption 7. � satis�es the following properties,

(a) It is strictly increasing, that is, for any A;B 2 S+ such that A � B,�(A) � �(B) and if A � B and �(A) = �(B), then A = B.

(b) In any region A such that 8A 2 A; detA � � > 0, � is Lipschitz with

respect to some matrix norm k : : : k, that is, there exists L(A) > 0 such

that j�(A)� �(B)j � L(A)kA�Bk.
It is obvious that the elements of I0 are minimizers of �, but also if I0 6= ;,then every minimizer of �, belongs to I0. Hence, if we de�ne the criteria

FC(I) = �(�̂h(I)) + �(I)STT ; (20)
then we can consistently estimate I00 with Î as in section 3.
Proposition 5. The following holds,

(i) If assumptions 1, 2, 3, 4 and 7 hold and ST =T ! 0, ST = log log T ! +1,

then Î a:s:�! I00.
(ii) If assumption 4bis holds instead of 4 and ST =T ! 0, ST ! +1, thenÎ p�! I00.
Some examples of � are,
�1(�) = log det�.
�2(�) = log tr�.
�3(�) = log�mj=1�jj .

Proposition 6. Functions �1, �2 and �3 satisfy assumption 7.

7 Monte Carlo experimentation
We have made a simulation experiment to assess the performance of the criteriain selecting the optimal cross section. Let us consider the following bivariateData Generating Process,

DGP1( x0t = :5x0t�1+ bx1t�1 +"0tx1t = :5x1t�1 +"1t ; (21)
12



where ("0t ; "1t )0 is a zero-mean Gaussian white noise with unit covariance matrix.When b > 0, the optimal cross section to forecast x0t at horizons h = 1; 2; 3 isI = f0; 1g and when b = 0, it is I = f0g. We want to assess the performanceof the criteria for the selection of the optimal cross section by comparing themto several tests, namely the S1 test of Diebold and Mariano (1995); the ENC-Tand ENC-NEW tests described by Clark and McCracken (2001); the conditionalpredictive ability test by Giacomini and White (2006, GW) and a Granger-Causality test (GC) by Granger (1969). Note that the ENC-T and ENC-NEWcannot be applied to forecasting horizons greater than 1, whereas the Granger-causality test does not make an explicit distinction between forecasting horizons.The performance of the tests is usually measured in terms of power and em-pirical size, but we are interested in measuring the frequency of correct selectionof the optimal cross section. The acceptance/rejection is related to the choiceof the cross section in di�erent ways depending on the speci�c test. In the caseof the encompassing tests and the Granger-causality test, we select Î = f0; 1gif the test rejects the null and Î = f0g if it does not. In the case of the equalforecast accuracy test S1, we select Î = f0; 1g if the test rejects and the errorwith I = f0g is larger and we select Î = f0g otherwise. For the GW tests ofconditional predictive ability, we use the decision rule proposed in Giacominiand White (2006) with c = 0. We have to specify in advance the signi�cancelevels of the tests. For each of them, we set signi�cance levels at 90% and at95%.Regarding the criteria, we have chosen �(I) as the cardinality of I. Twopenalty functions are considered, the BIC-like, ST = log T and the HQ-like,ST = 2 log log T . We denote the �rst as FC1 and the second as FC2. Forthe latter, we have not established strong consistency but only consistency inprobability, but this is not relevant to the experiment.As we explained in the note before lemma 1, the criteria can be computedeither using the whole series to estimate and forecast or splitting the series intoin-sample and out-of-sample parts. In this section and in the following one, wedenote by FC�1 and FC�2 the criteria with out-of-sample forecasts. The parameterestimates for FC�1 and FC�2 and for tests S1, ENC-T, ENC-NEW are obtainedwith the �rst 5/7ths of the observations and the out-of-sample forecasts with thelast 2/7ths. The GW test is designed for a �xed or at least bounded estimationwindow. In our simulations, the window comprises the �rst 40 observations for
13



T � 100 and the �rst 100 for T > 100.In order to obtain the forecasts, we have to determine models for I = f0gand for I = f0; 1g. We have run the simulations in two di�erent ways, (a)�tting AR(1) and VAR(1) models for I = f0g and I = f0; 1g respectively and(b) �tting AR(p) and VAR(p), with p selected by the BIC. When the orderis selected by BIC, the order of the univariate model may be greater than theorder of the multivariate one. Then, the models are nonnested and some of thetests cannot be applied. Furthermore, the results do not show a signi�cantlydi�erent behavior with respect to the ones with �xed p. Thus, we have notincluded their results but they can be obtained from the author.We generated M = 5; 000 realizations of DGP1 for b = 0; 0:05; 0:1; 0:2 andfor di�erent series lengths (50, 100, 200, 400, 800). In table 2, we represent thefrequencies of selecting f0; 1g for each of the combinations of b and length andfor each of the tests or criteria.We have designed additional scenarios to check the performance of the crite-ria under di�erent conditions. In order to check the e�ect of heavy-tailed noise,we have run simulations of a process with the same autoregressive structure asDGP1, but "0t and "1t are t�distributed with 4 degrees of freedom. We call this,DGP2.Part (a) of assumption 4 involves consistency of the estimated predictors tothe optimal ones. As we saw in section 5, this holds for well-speci�ed ARMAmodels. However, we want to assess the performance of the criteria when themodels are misspeci�ed and thus, consistency is not guaranteed by our theoret-ical results.In the �rst misspeci�acion scenario, the DGP is a VAR(2). In this case, itonly makes sense the �xed order (p = 1) estimation in order to preserve themisspeci�cation condition.
DGP3( x0t = 1=3x0t�1+ bx1t�1 +2=9x0t�2 +"0tx1t = 1=3x1t�1 +2=9x1t�2 +"1t : (22)
The next case, DGP4 is as DGP1, but "0t and "1t are GARCH,

"jt =pht�t ht = �h + 'ht�1 + �("jt�1)2; (23)
with �h = :05, ' = :8, � = :15 and �t �WN(0; 1).
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Finally, we generate a MA(1),
DGP5( x0t = "0t +:5"0t�1 +b"1t�1x1t = "1t +:5"1t�1: (24)

In tables 2-6 we present the frequency of selecting Î = f0; 1g.The comparison between di�erent selection methods, either tests or criteriainvolves both the probability of correctly selecting f0; 1g when b > 0 and theprobability of wrongly selecting f0; 1g when b = 0. If both probabilities aregreater for method A than for method B, we say that it is less conservative. Ifthe probabilities of correct selection are greater for method A in both cases, wecan say that A outperforms B.By looking at the tables 2 and 3 we see that FC1 is more conservative thanFC2 (but for b = 0:2), ENC-T at 90%, ENC-NEW at 90% (but for b=0.2), andGC and outperforms ENC-NEW and ENC-T at 95%, GW and DM except forh = 3 and b; T small.On the other hand, FC2 is less conservative than DM at 90% for h = 1; 2,DM at 95% and ENC-NEW, more conservative than GC and outperforms ENC-T and GW. The criteria FC�1 and FC�2, not surprisingly, are more conservativeversions of FC1 and FC2.When the model is not correctly speci�ed (tables 4-6), we see that, therelations are generally not very di�erent, but if we are interested in forecastingat horizon h > 0, the GC can produce extremely bad results when the modelis misspeci�ed as in DGP5 (in fact, this example was intentionally included toillustrate the risks of using the GC-test for this purpose).
8 Empirical example
In this section, following Clark and McCracken (2001), we will try to determinewhether the unemployment rate is useful to improve the 1-step forecast of in-ation. More speci�cally, the variable to forecast x0t will now be the seconddi�erence of the logarithm of the USA CPI index without food and energy andx1t will be the �rst di�erence of the unemployment rate among males between25 and 54. The quarterly series run from 1958:Q3 to 1998:Q1.Using the notation of the previous sections, we want to choose among I = f0gand I = f0; 1g as the optimal cross section. We will make our choice using thesame criteria and tests as in section 7.
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As in the previous section, we have obtained the criteria both using the wholeseries to estimate and forecast and splitting it into in-sample and out-of-sampleparts.All the tests but the Granger-causality require out-of-sample forecasts. Wedivide the series into periods 1958:Q3 to 1987:Q1 and 1987:Q2 to 1998:Q1, sothat their lengths are in relationship of 1 to 0.4. We use a �xed scheme, thatis, the models are identi�ed and the parameters estimated with the data of thein-sample period and they remain �xed for all the out-of-sample period.Instead of using only autoregressive models, we use ARMA and VARMAwith autoregressive and moving average orders up to 3. According to the BICcriterion, with the data of the in-sample period we choose a MA(1) model forI = f0g and a VMA(1) for I = f0; 1g. This is very convenient because then,the models are nested and we can use the encompassing tests ENC-T and ENC-NEW. The models identi�ed and estimated with the in-sample period data are,
x0t = "0t � 0:3298(0:0959)"0t�1;

where the variance of "0t is 2.7882 and( x0t = "0t � 0:4415(0:0943)"0t�1 � 1:3051(0:3798)"1t�1x1t = "1t + 0:0446(0:0187)"0t�1 + 0:6864(0:0710)"1t�1where the covariance matrix of ("0t ; "1t )0 is,
�" =  2:5170 �0:0844�0:0844 0:1178

! :
The numbers in parentheses are the standard errors of the estimates. The resultsof the tests and criteria that are computed with out-of-sample forecasts are inthe upper part of table 1.On the other hand, for the GC test and FC1 and FC2 criteria, we have iden-ti�ed and estimated the models with the whole series from 1958:Q3 to 1998:Q1.According to the BIC criterion, we choose now a MA(1) model for the univariateand a VAR(1) for the multivariate. The estimated univariate model is

x0t = "0t � 0:3470(0:0546)"0t�1;
where the variance of "0t is 1.4281 and the multivariate one is( x0t = �0:3450(0:0749)x0t�1 �1:1229(0:2888)x1t�1 + "0tx1t = 0:0550(0:0164)x0t�1 +0:6548(0:0629)x1t�1 + "1t ;
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with covariance matrix
�" =  1:9083 �0:0629�0:0629 0:0911

! :
In the lower part of table 1 we include the results of the CG test and thecriteria FC1 and FC2 with parameters and forecasts computed using the fullsample.The results agree with Clark and McCracken (2001) even if the conditionsare slightly di�erent. The encompassing tests and our criteria indicate thatthe unemployment is relevant to forecast ination based on the out-of-sampleforecasts (upper part of table 1). On the other hand, the GW and S1 testsdo not reject their respective null hypotheses of conditional and unconditionalequal predictive ability.The analysis without splitting of the series, which is summarized in the lowerpart of table 1, points in the same direction as the encompassing tests. Bothcriteria FC1 and FC2 yield lower values for I = f0; 1g and the Granger-Causalitytest clearly rejects the null.

test/crit. statistic 10%-CV crit. I = f0g crit. I = f0; 1gFC�1 -1.018 -1.045FC�2 -1.042 -1.092in-sample estimates ENC-T 1.656 1.645out-of-sample forecasts ENC-NEW 9.697 1.003S1 0.5481 1.645GW 3.7862 4.605full sample FC1 0.7376 0.7083for estimation FC2 0.7163 0.6859and forecasting GC 15.115 2.705
Table 1: The �rst column indicates whether the series is split into in-sample (toestimate) and out-of-sample (to forecast) periods or we use the full-length seriesto estimate and forecast; the second column is the test or criteria; the third isthe value of the test statistic; the fourth is the 10% critical value and the lasttwo are the values of the criteria for the two possible cross sections.

A Proofs
Proof of Lemma 1. If we prove the lemma for I � J , then it is easy to see thatit holds for any I; J 2 I0. We just have to apply it in turn to I � I [ J and
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J � I [ J . Thus, with no loss of generality, we assume that I � J = I [ K,where I \K = ;.We can decompose the predictor as P0;Jh as [P0;J;1h : P0;J;2h ] in such way thatP0;Jh (L)xJt = P0;J;1h (L)xIt+P0;J;2h (L)xKt . Since P0;Jh is the least squares predictor,then the minimum of the quadratic functional,
(P;Q) 7! q(P;Q) = E[x0t+h � P (L)xIt �Q(L)xKt ]2; (25)

is attained at (P0;J;1h ;P0;J;2h ) and the minimal value is �2h(J), but this value isalso attained at (P0;It;h ; 0), because I is also in I0. If the functional q is strictlyconvex, then the minimum is unique and,
P0;J;1h = P0;Ih ; P0;J;2h = 0:

We can see that the strict convexity of q is equivalent to the condition thatP (L)xIt + Q(L)xKt = 0 implies P;Q = 0, but this property holds when xJtis linearly regular (see Hannan and Poskitt, 1987) and 	 does not have unitmodulus roots.Let us turn now to �̂2h(J)� �̂2h(I). First, we can see that only O(T�1) termsare neglected if we replace �̂2h(I) by _�2h(I), where
_�2h(I) = 1T

T�hX
t=1 ( _"0;It;h)2; (26)

and
_"0;It;h = x0t+h � Q̂0;Ih (L)xIt = x0t+h � t�1X

k=0 P̂ 0;Ih;kxIt�k: (27)
Let us consider the di�erence

_�2h(I)� �̂2h(I) = 1T
T�hX
t=1

h( _"0;It;h)2 � ("̂0;It;h)2i : (28)
We can write

j( _"0;It;h)2 � ("̂0;It;h)2j = j _"0;It;h � "̂0;It;h j � j _"0;It;h + "̂0;It;h j; (29)
and consequently,

j( _"0;It;h)2 � ("̂0;It;h)2j � t�1X
k=0 jP̂ 0;Ih;k � P̂ 0;It;h;kj � jxIt ( _"0;It;h + "̂0;It;h)j � (30)

� t�1X
k=0ut;kjxIt ( _"0;It;h + "̂0;It;h)j: (31)
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Using assumption 4(a), we can bound _"0;It;h and "̂0;It;h by random variables withuniformly bounded second-order moments. This implies that
j( _"0;It;h)2 � ("̂0;It;h)2j � �t (32)1X

t E�t < +1: (33)
Then, by theorem 2, page 66, in Gihman and Skorohod (1974), we get thatPt[: : :] in (28) is bounded with probability 1 and then _�2h(I)� �̂2h(I) = O(T�1).We can now use the _�2 terms instead of the �̂2 ones, in the di�erence �̂2h(J)��̂2h(I). Then, we proceed as

1T
T�hX
t=1

h( _"0;Jt;h )2 � ( _"0;It;h)2i = 1T
T�hX
t=1

h _"0;Jt;h � _"0;It;hi h _"0;Jt;h + _"0;It;hi : (34)
On the other hand, we can write

_"0;It;h = x0t+h � Q̂0;I;�h (L)xJt ; (35)
with Q̂0;I;�h = [Q̂0;Ih : 0] and Q̂0;Ih (L) = Pt�1k=1 P 0;Ih;kLk. Then, _�2h(J) � _�2h(I)equals

1T
T�hX
t=1

"t�1X
k=1

�P̂ 0;Jh;k � P̂ 0;I;�h;k �xJt�k
#"2x0t+h � t�1X

l=1
�P̂ 0;Jh;l + P̂ 0;I;�h;l �xJt�l

# : (36)
We will denote the �rst [: : :] factor as at whereas the second is decomposed asbt + ct, with

bt = 2"0;Jt;h ;
ct = t�1X

l=0
�2P 0;Jh;l � P̂ 0;Jh;l � P̂ 0;I;�h;l �xJt�l;

where "0t;h = x0t+h � x0;Jt+hjt. Let us deal �rst with the product (1=T )Pt atbt,
1T

T�hX
t=1 atbt = 2 1T

T�hX
t=1

t�1X
k=1

�P̂ 0;Jh;k � P̂ 0;I;�h;k �xJt�k"0;Jt;h : (37)
We can swap the order of summation and use that the di�erence in parenthesesdoes not depend on t. Thus, it becomes

2 T�h�1X
k=1

(�P̂ 0;Jh;k � P̂ 0;I;�h;k � 1T
T�hX
t=k+1xJt�k"0;Jt;h

) =: 2 T�h�1X
k=1 �ksk;T : (38)
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Let us write now �����Xk �kQT sk;TQT
����� �MX

k rk jsk;T jQT � (39)
�M

24 X
k�g(T ) rk

jsk;T jQT + X
k>g(T ) rk

jsk;T jQT
35 ; (40)

where the �rst inequality is due to assumption 4. If g(T ) = (log T )a, thenby lemma 5.3.5 in Hannan and Deistler (1988, hereafter, HD), we have thatsupk�g(T ) jsk;T j = O(QT ). Thus, the �rst term inside the brackets in (40) isO(1). On the other hand, sup0�k<1 jsk;T j = O([log T=T ]1=2) by theorem 7.4.3,again in HD, X
k>(log T )a rk

jsk;T jQT �M(log T )��a� log Tlog log T
�1=2 : (41)

Thus, if a > 1=(2�) then (39) is bounded with probability 1.We put now (1=T )Pt atct = Pk;l�kGk;l;T ~�0l, where Gk;l;T is de�ned as(1=T )Pt xJt�kxJt�l0 and ~�l := 2P 0;Jh;l � P̂ 0;Jh;l � P̂ 0;I;�h;l . Using that Gk;l;T is almostsurely uniformly bounded (this is implied by Theorem 5.3.2 in HD), then������
X
k;l �kQT Gk;l;T ~�0lQT

������ �M  X
k rk!2 : (42)

With this, the �rst part of the lemma is proved. For the order in probabil-ity, it is only necessary to replace QT by T�1=2 and use that T�1=2Ejsk;T j isuniformly bounded. Let us see this.
Ejsk;T j = E

������
1X
j=0	Jj 1T

T�hX
t=k+1 "Jt�k�j"0;Jt;h

������ � (43)
�
0B@E

24 1X
j=0	Jj 1T

T�hX
t=k+1 "Jt�k�j"0;Jt;h

352
1CA
1=2

(44)
The term inside (�)1=2 can be written as
1T 2 Xj;l

X
t;s E

h"Jt�k�j 0	Jj 0	Jl "Js�k�l"0;Jt;h "0;Js;hi / k�k2T
 hX
�=1 k	J� k

! 1X
j k	Jj k2;

(45)because of assumption 3 and the fact that "0;Jt;h is the �rst component of vectorPh�1�=0 	J� "Jt+h�� .
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Proof of Prop. 1. In order to prove strong consistency of ÎT it su�ces to provethat w. p. 1, every convergent subsequence converges to an element of I00.We avoid cumbersome notation by using ÎT for a convergent subsequence. IfÎT ! J , we will show that necessarily J 2 I00. Let us consider �rst the caseJ =2 I0 and then, J 2 I0 n I00.If J =2 I0, then for any I 2 I0, �2h(J) > �2h(I). For large T , ÎT = J , so
FC(ÎT )� FC(I) = log �̂2h(J)� log �̂2h(I) + [�(J)� �(I)]STT ; (46)

and the �rst di�erence in the right hand side converges to a strictly positivevalue, whereas the last term converges to zero. Thus, w.p. 1, for large T ,FC(ÎT )� FC(I) > 0.For the case J 2 I0 n I00 we need the order of convergence of log �̂2h(J) �log �̂2h(I) established in lemma 1 for I 2 I0, I � J . We can write
log �̂2h(J)� log �̂2h(I) = log�1 + �̂2h(J)� �̂2h(I)�2h(I)

� ; (47)
and by a �rst-order Taylor expansion, we obtain

log �̂2h(J)� log �̂2h(I) = [1 + o(1)]� �̂2h(J)� �̂2h(I)�2h(I)
� : (48)

Since �̂2h(J)� �̂2h(I) = O(Q2T ),FC(J)� FC(I)Q2T = O(1) + STlog log T ; (49)
that diverges to +1 and then, for large T , ÎT 6= J .The same arguments can be easily adapted to prove consistency in proba-bility.
Proof of Prop. 2. Let us assume that there exist I and J in I00 such thatI 6= J . Let us consider a partition of the predictor of K = I [ J as P0;Kh =(P0;I\Jh ;P0;InJh ;P0;JnIh ). Now, proceeding as in the proof of lemma 1 we getthat P0;JnIh = 0 and P0;InJh = 0. Consequently I \ J has the same predictoras I, so �h(I \ J) = �h(I) and I \ J 2 I0, but I \ J ( I. This implies that�(I \ J) < �(I), which contradicts the assumption that I 2 I00.
Proof of Lemma 2. If � is a vector containing the free coe�cients of � and �,and p0h;k = vec(P 0h;k), p̂0h;k = vec(P̂ 0h;k) we can write

p̂0h;k = p0h;k + @p0h;k@�0 (��̂)(�̂ � �); (50)
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with ��̂ between � and �̂. We will see now that @ph;k=@�0(��̂) = O(�k) uniformlyin T . By introducing the rational function 	[h](L) = P1j=0	h+jLj , we canexpress the h�step predictor of the vector satisfying the ARMA model as Ph =	[h]�, with �(L) = ��1(L)�(L). We can di�erentiate Ph with respect to �(using rule 7 from the Appendix A13 in L�utkepohl, 1991) as@vec(Ph)@�0 = (I
	[h])@vec(�)@�0 + (�0 
 I)@vec(	[h])@�0 ; (51)
where I is the identity matrix. Applying in turn the same property to 	[h] =L�h[�(L)�1�(L)�Ph�=0	�L� ] we get that

Lh @vec(	[h])@�0 = (I
 ��1)@vec(�)@�0 +
+ (�0 
 I)@vec(��1)@�0 � hX

�=0 @vec(	�)@�0 L� : (52)
Let us now consider the expressions above with �, �, etc. as functions of��̂ and let 1 < r < minfr�; r�g where r� and r� are the radii of convergenceof j�(z)�1j and j�(z)�1j evaluated at ��̂ = �. With probability 1, there existsa certain T1 such that for T > T1, ��̂ is so near to � that the radii of j�(z)�1jand j�(z)�1j are greater that r. Since the decay of the power series appearingin (51) and (52) depends only on � and �, and given that P0h as a vector is the�rst row of Ph we conclude that @p0h;k=@�0(��̂) = O((1=r0)k) for any r0 < r.

Proof of Prop. 3. For any I, by theorem 5.5.1, page 205, in Hannan and Deistler(1988), �̂(I)! �0(I). Therefore, with probability 1, there exists some T1 suchthat for any T > T1, �̂(I) = �0(I). Then, the estimates �̂(z) and �̂(z) satisfya Law of Iterated Logarithm and we can apply lemma 2 and then, assumption4(a) is granted.We can use the state-space representation of the VARMA model to provethat assumption 4(b) holds,
xIt = HZtZt = FZt�1 + �t: (53)

With this representation, we obtain that the predictions of xIt+h using eitherfxIs : �1 < s � tg or fxIs : 1 � s � tg satisfy
xt+hjt = HFhZtjtZtjt = (F �KtH)Zt�1jt�1 +KtxIt : (54)
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For the case of the estimates using all the past from �1 the relationshipshold with the limit Kalman gain Kt = K. Then, it can be proved that if~Ztjt = P(L)xIt is the prediction of Zt with fxIs : �1 < s � tg and Ztjt = Pt(L)xItis the prediction with fxIs : 1 � s � tg, then
Pt(L) = Kt + (F �KtH)Pt�1(L)L; (55)P(L) = K + (F �KH)P(L)L: (56)

Under the assumptions on �(L) and �(L), the eigenvalues of F�KH are insidethe unit circle and Kt ! K exponentially. We put kKt � Kk = O(�t), with� 2 (0; 1). Then, if we denote by k � k1 the norm kPk AkLkk =Pk kAkk, then,
kPt � Pk1 � kKt �Kk+ kF �KtHk � kPt�1 � Pk1 + kK �Ktk � kHPk1 �� O(�t) + �kPt�1 � Pk1 � : : : � O(t�t): (57)
Thus, the seriesP1t kFh(Pt�P)k1 is convergent. If we consider the predictorswith the estimated model, P̂ and P̂t, then by continuity of the state-space rep-resentation, it can be proved that the bound is uniform for su�ciently large T .Consequently, assumption 4(b) yields.
Proof of Prop. 4. With probability 1, there exists T1 such that for all T > T1,

I11 � IT � [
p>0 Ip1: (58)

Let us assume with no loss of generality that Î ! I0. By assumption 6, we candiscard with probability 1 all elements in P(f0; : : : ; Ng) nI11 as possible limits.On the other hand, any I such that �2h(I) > �2h;� can be ruled out. We concludeby applying lemma 1 with I0 = I1;0.
Proof of Prop. 5. First of all, lemma 1 applies to the m > 1 case without anychanges. Then, the proof of proposition 1 can be easily adapted. It is onlynecessary to see that

FC(J)� FC(I) � �Lk�̂2h(J)� �̂2h(I)k+ [�(J)� �(I)]STT ; (59)
where k�̂2h(J) � �̂2h(I)k = O(Q2T ). Then, for I 2 I00; J 2 I0 n I00, FC(J) �FC(I) a:s�! +1.
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Proof of Prop. 6. Let us see that �1; �2 and �3 satisfy assumption 7. The factthat �2 and �3 are nondecreasing is obvious, since the diagonal elements of anymatrix in S+ cannot be negative. On the other hand, for any A 2 S+, trA = 0implies A = 0 and thus, they are strictly increasing. The property (a) for �1 isa consequence of theorem 18.1.1 in Harville (1997).The Lipschitz condition is again obvious for �2, �3, whereas for �1 is due tothe fact that the derivative of log det� is ��1 and the norm of ��1 is boundedwhen � is bounded away from zero.
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0.062
0.071

0.099
0.165

0.131
0.156

0.252
0.434

0.748
0.358

0.550
0.816

0.982
1.000

FC 1(h
=2)

0.061
0.043

0.029
0.020

0.016
0.075

0.064
0.071

0.092
0.148

0.123
0.140

0.206
0.344

0.589
0.277

0.415
0.643

0.887
0.991

FC 1(h
=3)

0.033
0.022

0.015
0.009

0.006
0.043

0.030
0.033

0.041
0.067

0.067
0.074

0.100
0.172

0.331
0.155

0.232
0.382

0.618
0.856

FC 2(h
=1)

0.112
0.082

0.068
0.061

0.051
0.138

0.131
0.163

0.230
0.372

0.215
0.268

0.426
0.659

0.905
0.485

0.697
0.915

0.996
1.000

FC 2(h
=2)

0.113
0.092

0.077
0.073

0.064
0.130

0.123
0.150

0.197
0.309

0.192
0.234

0.347
0.521

0.764
0.377

0.548
0.771

0.944
0.996

FC 2(h
=3)

0.069
0.056

0.047
0.039

0.036
0.081

0.074
0.083

0.120
0.188

0.115
0.143

0.210
0.331

0.533
0.241

0.355
0.540

0.757
0.919

FC� 1(
h=1

) 0
.013

0.005
0.002

0.001
0.001

0.018
0.011

0.009
0.010

0.017
0.033

0.034
0.045

0.082
0.205

0.112
0.164

0.310
0.557

0.815
FC� 1(

h=2
)0

.016
0.006

0.003
0.001

0.001
0.021

0.012
0.010

0.014
0.017

0.030
0.033

0.045
0.076

0.172
0.088

0.131
0.250

0.441
0.692

FC� 1(
h=3

)0
.007

0.004
0.002

0.001
0.000

0.008
0.004

0.005
0.004

0.005
0.015

0.015
0.018

0.030
0.067

0.041
0.059

0.115
0.232

0.428
FC� 2(

h=1
)0

.027
0.014

0.007
0.005

0.005
0.037

0.028
0.026

0.042
0.071

0.060
0.068

0.108
0.195

0.397
0.177

0.257
0.447

0.694
0.883

FC� 2(
h=2

) 0
.030

0.017
0.013

0.009
0.007

0.040
0.028

0.033
0.044

0.075
0.053

0.064
0.101

0.175
0.344

0.147
0.215

0.381
0.583

0.792
FC� 2(

h=3
) 0

.017
0.009

0.007
0.004

0.004
0.022

0.013
0.017

0.023
0.034

0.034
0.034

0.053
0.088

0.193
0.077

0.114
0.223

0.381
0.588

DM 90
(h=1

)0
.043

0.034
0.029

0.034
0.032

0.047
0.052

0.053
0.067

0.105
0.061

0.078
0.098

0.149
0.235

0.110
0.151

0.225
0.340

0.528
DM 90

(h=2
)0

.074
0.054

0.041
0.040

0.036
0.076

0.067
0.059

0.065
0.089

0.086
0.080

0.097
0.120

0.170
0.126

0.131
0.174

0.244
0.374

DM 90
(h=3

)0
.097

0.073
0.055

0.049
0.041

0.099
0.081

0.066
0.060

0.075
0.106

0.091
0.090

0.091
0.124

0.134
0.124

0.138
0.163

0.229
DM 95

(h=1
)0

.022
0.017

0.014
0.017

0.015
0.024

0.028
0.029

0.036
0.058

0.034
0.045

0.056
0.091

0.149
0.060

0.086
0.140

0.234
0.410
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(h=2
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.048

0.029
0.020

0.020
0.017

0.049
0.038

0.033
0.034

0.051
0.057

0.045
0.055

0.067
0.104

0.083
0.077

0.103
0.152

0.262
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0.047

0.032
0.025
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0.041
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0.057
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0.289
0.105
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0.102
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0.214
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0.286
0.527

GW 90
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)0
.113

0.129
0.143
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0.139

0.149
0.218

0.374
0.115

0.148
0.154

0.248
0.419

0.128
0.169
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0.464
GW 95
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)0
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0.018
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0.028
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0.026
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0.045
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0.041
0.068
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0.053
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0.307
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GW 95

(h=3
)0

.091
0.091

0.089
0.120

0.258
0.089

0.100
0.093

0.133
0.283

0.091
0.109

0.099
0.158

0.320
0.102

0.125
0.121

0.160
0.350

ENC-
T 90

0.120
0.111

0.098
0.104

0.102
0.134

0.142
0.163

0.214
0.320

0.175
0.223

0.319
0.466

0.675
0.318

0.455
0.663

0.877
0.982

ENC-
T 95

0.064
0.053

0.050
0.052

0.050
0.074

0.080
0.091

0.128
0.203

0.099
0.134

0.200
0.326

0.534
0.195

0.309
0.518

0.781
0.961
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0.965

0.999
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0.165
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0.676
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0.343
0.662
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0.998
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0.115
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0.162

0.218
0.314
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0.239

0.312
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0.745
0.945

0.506
0.742
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0.998

1.000
GC 95
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0.066

0.057
0.054

0.050
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0.105
0.137

0.214
0.371

0.166
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0.381
0.636

0.904
0.403
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0.907

0.996
1.000
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0.011
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0.172

0.137
0.175

0.262
0.444

0.744
0.376

0.551
0.800

0.969
0.999

FC 1(h
=2)

0.060
0.045

0.028
0.021

0.017
0.075

0.068
0.070

0.095
0.147

0.119
0.147

0.217
0.349

0.583
0.291

0.425
0.642

0.871
0.987

FC 1(h
=3)

0.030
0.021

0.013
0.009

0.006
0.040

0.035
0.035

0.046
0.067

0.066
0.078

0.108
0.177

0.329
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0.238
0.394

0.606
0.854

FC 2(h
=1)

0.112
0.085

0.069
0.063

0.048
0.145

0.135
0.164

0.230
0.376

0.221
0.293

0.433
0.657

0.895
0.491

0.685
0.899

0.992
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FC 2(h
=2)

0.109
0.092

0.079
0.075

0.062
0.134

0.137
0.151

0.207
0.311

0.189
0.249

0.351
0.527

0.755
0.388

0.553
0.765

0.936
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FC 2(h
=3)

0.064
0.057

0.044
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0.032
0.079
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0.088

0.122
0.183
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0.149
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0.334
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0.000
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0.013
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0.314
0.551
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h=2
)0
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0.009
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0.002
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0.018

0.015
0.012

0.013
0.020

0.034
0.038

0.051
0.086

0.173
0.094

0.147
0.248

0.444
0.688

FC� 1(
h=3

)0
.009

0.004
0.002

0.001
0.001

0.012
0.009

0.006
0.006

0.008
0.016

0.017
0.023

0.036
0.068

0.049
0.065

0.118
0.231

0.436
FC� 2(

h=1
)0

.027
0.014

0.009
0.006

0.005
0.039

0.028
0.026

0.041
0.075

0.064
0.075

0.116
0.209

0.399
0.177

0.273
0.448

0.684
0.875

FC� 2(
h=2

) 0
.030

0.020
0.012

0.010
0.007

0.038
0.032

0.033
0.046

0.073
0.060

0.073
0.109

0.190
0.337

0.152
0.230

0.374
0.584

0.785
FC� 2(

h=3
) 0

.021
0.013

0.008
0.005

0.004
0.023

0.020
0.020

0.023
0.035

0.035
0.038

0.058
0.100

0.190
0.086

0.122
0.216

0.381
0.591

DM 90
(h=1

)0
.037

0.036
0.029

0.034
0.032

0.044
0.050

0.054
0.071

0.108
0.059

0.077
0.108

0.163
0.235

0.101
0.159

0.232
0.346

0.534
DM 90

(h=2
)0

.071
0.050

0.040
0.036

0.037
0.070

0.060
0.057

0.068
0.090

0.085
0.082

0.095
0.125

0.169
0.117

0.135
0.173

0.243
0.375

DM 90
(h=3

)0
.095

0.072
0.054

0.044
0.040

0.097
0.076

0.071
0.065

0.074
0.106

0.095
0.091

0.098
0.120

0.125
0.122

0.129
0.154

0.233
DM 95

(h=1
)0

.019
0.015

0.015
0.014

0.015
0.021

0.024
0.025

0.037
0.060

0.031
0.040

0.056
0.094

0.152
0.053

0.086
0.139

0.238
0.409

DM 95
(h=2

) 0
.043
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0.018
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0.217
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0.279
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0.115
0.125
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0.278
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0.133

0.135
0.189

0.317
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0.143
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0.351
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0.095
0.158

0.304
GW 95

(h=3
)0

.083
0.083

0.078
0.099

0.189
0.079

0.095
0.078

0.113
0.221

0.087
0.101

0.088
0.121

0.247
0.093

0.116
0.112

0.154
0.280

ENC-
T 90

0.118
0.113

0.103
0.103

0.105
0.135

0.148
0.175

0.231
0.332

0.180
0.242

0.332
0.484

0.679
0.324

0.478
0.669

0.861
0.974

ENC-
T 95

0.059
0.056

0.050
0.051

0.050
0.071

0.082
0.095

0.132
0.215

0.100
0.140

0.211
0.349

0.546
0.192

0.321
0.517

0.760
0.945

ENC-
NEW

90
0.055

0.043
0.036

0.033
0.032

0.071
0.073

0.094
0.147

0.268
0.114

0.169
0.282

0.491
0.779

0.287
0.482

0.750
0.946

0.997
ENC-

NEW
95

0.029
0.020

0.014
0.014

0.013
0.039

0.038
0.048

0.083
0.167

0.070
0.100

0.182
0.360

0.673
0.202

0.366
0.640

0.908
0.994

GC 90
0.172

0.143
0.126

0.117
0.103

0.192
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0.184
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1.000
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.026

0.015
0.015

0.007
0.007

0.042
0.043

0.068
0.120

0.250
0.093

0.143
0.289

0.533
0.824

0.289
0.509

0.796
0.960

0.997
FC� 2(

h=3
) 0

.011
0.007

0.005
0.003

0.002
0.021

0.021
0.028

0.055
0.121

0.046
0.069

0.147
0.333

0.667
0.151

0.295
0.589

0.880
0.985

DM 90
(h=1

)0
.048

0.043
0.043

0.041
0.037

0.056
0.061

0.080
0.106

0.163
0.091

0.109
0.161

0.231
0.340

0.139
0.204

0.303
0.481

0.728
DM 90

(h=2
)0

.090
0.064

0.059
0.051

0.047
0.107

0.097
0.121

0.168
0.250

0.147
0.175

0.249
0.366

0.565
0.244

0.350
0.514

0.748
0.945

DM 90
(h=3

)0
.107

0.080
0.065

0.057
0.052

0.113
0.110

0.111
0.149

0.217
0.152

0.162
0.222

0.318
0.502

0.212
0.283

0.405
0.640

0.878
DM 95

(h=1
)0

.025
0.023

0.023
0.020

0.020
0.031

0.034
0.047

0.062
0.099

0.052
0.063

0.097
0.150

0.243
0.082

0.129
0.206

0.360
0.612

DM 95
(h=2

) 0
.061

0.039
0.035

0.027
0.023

0.071
0.060

0.075
0.107

0.167
0.102

0.113
0.160

0.258
0.449

0.167
0.241

0.380
0.638

0.901
DM 95

(h=3
)0

.079
0.054

0.037
0.031

0.028
0.081

0.073
0.065

0.090
0.139

0.110
0.107

0.137
0.211

0.375
0.148

0.184
0.277

0.496
0.796

GW 90
(h=1

)0
.065

0.052
0.060

0.069
0.071

0.066
0.068

0.075
0.114

0.171
0.083

0.102
0.135

0.206
0.303

0.129
0.156

0.246
0.382

0.648
GW 90

(h=2
) 0

.118
0.089

0.080
0.095

0.176
0.122

0.119
0.102

0.184
0.343

0.140
0.175

0.204
0.319

0.546
0.213

0.292
0.415

0.629
0.876

GW 90
(h=3

)0
.121

0.124
0.094

0.115
0.189

0.118
0.135

0.126
0.169

0.325
0.136

0.175
0.196

0.285
0.478

0.176
0.254

0.331
0.493

0.770
GW 95

(h=1
)0

.033
0.025

0.032
0.035

0.040
0.036

0.033
0.037

0.064
0.106

0.045
0.052

0.077
0.120

0.205
0.077

0.089
0.153

0.262
0.521

GW 95
(h=2

)0
.089

0.058
0.044

0.049
0.111

0.095
0.083

0.061
0.105

0.224
0.109

0.122
0.127

0.211
0.410

0.172
0.220

0.303
0.496

0.810
GW 95

(h=3
)0

.099
0.089

0.058
0.062

0.116
0.091

0.098
0.079

0.098
0.203

0.107
0.127

0.127
0.182

0.332
0.139

0.190
0.235

0.361
0.667

ENC-
T 90

0.130
0.119

0.116
0.119

0.113
0.155

0.177
0.224

0.318
0.468

0.236
0.305

0.461
0.654

0.865
0.407

0.604
0.828

0.970
0.999

ENC-
T 95

0.070
0.066

0.066
0.064

0.058
0.088

0.100
0.137

0.210
0.339

0.144
0.197

0.322
0.519

0.772
0.264

0.444
0.710

0.932
0.998

ENC-
NEW

90
0.054

0.047
0.045

0.042
0.039

0.081
0.099

0.153
0.269

0.487
0.156

0.255
0.472

0.764
0.961

0.399
0.679

0.930
0.996

1.000
ENC-

NEW
95

0.028
0.020

0.021
0.016

0.015
0.045

0.049
0.084

0.167
0.352

0.097
0.164

0.345
0.652

0.927
0.287

0.558
0.881

0.993
1.000

GC 90
0.149

0.139
0.132

0.126
0.124

0.200
0.235

0.335
0.503

0.742
0.343

0.499
0.734

0.943
0.998

0.714
0.923

0.996
1.000

1.000
GC 95

0.096
0.082

0.079
0.070

0.069
0.133

0.157
0.234

0.385
0.644

0.257
0.389

0.635
0.900

0.995
0.620

0.880
0.992

1.000
1.000
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0.0
0.0

0.0
0.0

0.0
0.05

0.05
0.05

0.05
0.05

0.1
0.1

0.1
0.1

0.1
0.2

0.2
0.2

0.2
0.2

50
100

200
400

800
50

100
200

400
800

50
100

200
400

800
50

100
200

400
800

FC 1(h
=1)

0.066
0.041

0.024
0.016

0.010
0.088

0.076
0.084

0.103
0.191

0.161
0.197

0.285
0.460

0.740
0.404

0.557
0.775

0.947
0.998

FC 1(h
=2)

0.066
0.046

0.033
0.022

0.016
0.081

0.073
0.081

0.094
0.152

0.135
0.161

0.224
0.352

0.588
0.300

0.429
0.634

0.845
0.980

FC 1(h
=3)

0.038
0.023

0.016
0.010

0.008
0.048

0.038
0.040

0.045
0.071

0.078
0.086

0.119
0.187

0.336
0.170

0.246
0.392

0.609
0.834

FC 2(h
=1)

0.123
0.099

0.074
0.062

0.048
0.156

0.153
0.179

0.231
0.385

0.251
0.309

0.440
0.656

0.890
0.514

0.683
0.874

0.980
1.000

FC 2(h
=2)

0.117
0.099

0.085
0.065

0.063
0.139

0.141
0.164

0.203
0.307

0.210
0.256

0.356
0.529

0.754
0.397

0.544
0.751

0.914
0.991

FC 2(h
=3)

0.070
0.056

0.048
0.040

0.035
0.086

0.083
0.097

0.119
0.188

0.127
0.156

0.226
0.335

0.527
0.243

0.361
0.533

0.737
0.907

FC� 1(
h=1

) 0
.013

0.008
0.003

0.002
0.001

0.020
0.014

0.013
0.014

0.024
0.040

0.044
0.067

0.114
0.227

0.139
0.199

0.334
0.538

0.788
FC� 1(

h=2
)0

.016
0.011

0.005
0.004

0.001
0.021

0.017
0.014

0.016
0.025

0.037
0.042

0.062
0.100

0.192
0.107

0.154
0.272

0.442
0.668

FC� 1(
h=3

)0
.010

0.007
0.003

0.002
0.000

0.012
0.009

0.009
0.008

0.011
0.022

0.021
0.029

0.044
0.083

0.049
0.079

0.133
0.246

0.427
FC� 2(

h=1
)0

.029
0.017

0.009
0.006

0.004
0.039

0.031
0.034

0.046
0.082

0.071
0.083

0.129
0.222

0.407
0.206

0.280
0.453

0.661
0.863

FC� 2(
h=2

) 0
.030

0.022
0.014

0.010
0.006

0.038
0.033

0.036
0.046

0.075
0.067

0.077
0.118

0.197
0.349

0.158
0.229

0.380
0.572

0.769
FC� 2(

h=3
) 0

.023
0.016

0.007
0.007

0.004
0.026

0.023
0.023

0.025
0.043

0.042
0.046

0.065
0.109

0.207
0.087

0.132
0.230

0.384
0.575

DM 90
(h=1

)0
.040

0.038
0.034

0.033
0.028

0.047
0.046

0.056
0.070

0.106
0.064

0.082
0.113

0.167
0.238

0.115
0.158

0.240
0.358

0.543
DM 90

(h=2
)0

.072
0.054

0.043
0.038

0.037
0.079

0.059
0.057

0.069
0.086

0.090
0.087

0.098
0.132

0.175
0.119

0.137
0.177

0.255
0.377

DM 90
(h=3

)0
.094

0.075
0.051

0.048
0.041

0.102
0.080

0.066
0.063

0.075
0.110

0.093
0.089

0.101
0.121

0.126
0.124

0.132
0.165

0.227
DM 95

(h=1
)0

.021
0.020

0.017
0.017

0.014
0.026

0.025
0.031

0.037
0.063

0.035
0.047

0.067
0.106

0.157
0.067

0.096
0.157

0.259
0.427

DM 95
(h=2

) 0
.045

0.031
0.021

0.018
0.018

0.050
0.034

0.028
0.036

0.048
0.059

0.052
0.056

0.074
0.108

0.078
0.082

0.107
0.163

0.261
DM 95

(h=3
)0

.066
0.048

0.026
0.025

0.019
0.074

0.051
0.039

0.033
0.038

0.079
0.059

0.050
0.054

0.065
0.088

0.079
0.079

0.096
0.141

GW 90
(h=1

)0
.050

0.038
0.045

0.038
0.037

0.060
0.049

0.050
0.071

0.088
0.067

0.075
0.088

0.119
0.182

0.099
0.118

0.179
0.269

0.435
GW 90

(h=2
) 0

.102
0.078

0.077
0.108

0.191
0.102

0.089
0.082

0.130
0.251

0.111
0.104

0.117
0.171

0.307
0.141

0.149
0.161

0.243
0.423

GW 90
(h=3

)0
.116

0.117
0.123

0.150
0.241

0.110
0.122

0.125
0.168

0.268
0.110

0.132
0.139

0.178
0.314

0.130
0.151

0.162
0.228

0.364
GW 95

(h=1
)0

.022
0.017

0.019
0.016

0.018
0.032

0.023
0.022

0.029
0.044

0.037
0.038

0.041
0.061

0.108
0.055

0.066
0.110

0.177
0.320

GW 95
(h=2

)0
.074

0.051
0.044

0.057
0.114

0.074
0.057

0.046
0.070

0.156
0.080

0.067
0.069

0.092
0.195

0.105
0.100

0.101
0.150

0.288
GW 95

(h=3
)0

.093
0.079

0.076
0.086

0.158
0.084

0.092
0.084

0.103
0.174

0.088
0.099

0.090
0.104

0.206
0.103

0.111
0.103

0.133
0.241

ENC-
T 90

0.118
0.116

0.102
0.105

0.095
0.134

0.142
0.176

0.222
0.328

0.189
0.246

0.335
0.486

0.680
0.341

0.473
0.658

0.834
0.963

ENC-
T 95

0.063
0.061

0.051
0.053

0.047
0.073

0.079
0.101

0.135
0.215

0.111
0.150

0.222
0.360

0.547
0.221

0.345
0.527

0.747
0.929

ENC-
NEW

90
0.058

0.051
0.043

0.039
0.034

0.075
0.079

0.112
0.155

0.276
0.125

0.189
0.292

0.492
0.763

0.317
0.482

0.722
0.913

0.990
ENC-

NEW
95

0.031
0.027

0.019
0.018

0.013
0.041

0.046
0.062

0.092
0.177

0.080
0.119

0.203
0.373

0.658
0.231

0.374
0.624

0.869
0.985

GC 90
0.201

0.184
0.163

0.135
0.124

0.214
0.211

0.240
0.300

0.476
0.266

0.331
0.469

0.717
0.946

0.474
0.695

0.929
0.996

1.000
GC 95

0.150
0.138

0.114
0.090

0.074
0.163

0.158
0.176

0.218
0.361

0.210
0.250

0.369
0.606

0.896
0.386

0.591
0.876

0.993
1.000
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0.0
0.0

0.0
0.0

0.0
0.05

0.05
0.05

0.05
0.05

0.1
0.1

0.1
0.1

0.1
0.2

0.2
0.2

0.2
0.2

50
100

200
400

800
50

100
200

400
800

50
100

200
400

800
50

100
200

400
800

FC 1(h
=1)

0.065
0.042

0.030
0.018

0.012
0.064

0.051
0.042

0.048
0.062

0.090
0.087

0.108
0.154

0.270
0.176

0.231
0.373

0.625
0.906

FC 1(h
=2)

0.046
0.032

0.021
0.014

0.010
0.042

0.031
0.022

0.016
0.014

0.043
0.031

0.021
0.019

0.013
0.047

0.035
0.026

0.018
0.013

FC 1(h
=3)

0.006
0.004

0.001
0.001

0.000
0.007

0.004
0.002

0.001
0.001

0.008
0.005

0.003
0.002

0.003
0.013

0.009
0.007

0.007
0.010

FC 2(h
=1)

0.121
0.100

0.083
0.065

0.060
0.121

0.113
0.111

0.134
0.176

0.160
0.162

0.213
0.318

0.513
0.267

0.367
0.556

0.803
0.973

FC 2(h
=2)

0.090
0.077

0.064
0.053

0.045
0.078

0.075
0.062

0.054
0.048

0.087
0.069

0.061
0.055

0.046
0.086

0.072
0.063

0.045
0.029

FC 2(h
=3)

0.020
0.013

0.010
0.007

0.004
0.020

0.015
0.012

0.008
0.010

0.022
0.016

0.017
0.017

0.022
0.030

0.026
0.034

0.040
0.051

FC� 1(
h=1

) 0
.014

0.006
0.003

0.001
0.000

0.014
0.008

0.005
0.006

0.006
0.020

0.013
0.013

0.021
0.038

0.049
0.052

0.080
0.162

0.348
FC� 1(

h=2
)0

.012
0.004

0.002
0.001

0.001
0.009

0.006
0.003

0.002
0.001

0.010
0.005

0.004
0.003

0.003
0.016

0.011
0.010

0.010
0.014

FC� 1(
h=3

)0
.003

0.001
0.000

0.000
0.000

0.003
0.001

0.000
0.000

0.000
0.004

0.001
0.001

0.000
0.000

0.003
0.002

0.002
0.001

0.003
FC� 2(

h=1
)0

.030
0.016

0.010
0.007

0.004
0.030

0.020
0.016

0.021
0.029

0.038
0.032

0.042
0.063

0.121
0.082

0.097
0.162

0.309
0.547

FC� 2(
h=2

) 0
.026

0.013
0.008

0.006
0.004

0.021
0.012

0.010
0.009

0.010
0.025

0.016
0.013

0.014
0.018

0.033
0.028

0.028
0.036

0.048
FC� 2(

h=3
) 0

.009
0.003

0.002
0.001

0.001
0.007

0.003
0.002

0.001
0.002

0.008
0.005

0.003
0.004

0.005
0.011

0.009
0.009

0.014
0.025

DM 90
(h=1

)0
.045

0.040
0.039

0.033
0.035

0.043
0.043

0.048
0.051

0.068
0.052

0.050
0.068

0.093
0.129

0.068
0.096

0.132
0.195

0.285
DM 90

(h=2
)0

.087
0.063

0.047
0.043

0.039
0.086

0.067
0.049

0.042
0.041

0.078
0.058

0.044
0.036

0.029
0.069

0.055
0.033

0.024
0.016

DM 90
(h=3

)0
.102

0.080
0.062

0.054
0.046

0.099
0.084

0.061
0.051

0.048
0.106

0.082
0.063

0.048
0.040

0.097
0.081

0.049
0.039

0.031
DM 95

(h=1
)0

.023
0.020

0.019
0.015

0.017
0.023

0.021
0.025

0.025
0.039

0.028
0.028

0.037
0.053

0.079
0.039

0.053
0.079

0.125
0.194

DM 95
(h=2

) 0
.057

0.036
0.025

0.024
0.021

0.055
0.040

0.026
0.022

0.021
0.053

0.036
0.023

0.018
0.014

0.045
0.029

0.016
0.011

0.007
DM 95

(h=3
)0

.073
0.052

0.037
0.028

0.022
0.071

0.054
0.034

0.026
0.026

0.077
0.054

0.037
0.026

0.022
0.073

0.053
0.029

0.020
0.015

GW 90
(h=1

)0
.045

0.044
0.038

0.047
0.038

0.047
0.045

0.040
0.048

0.064
0.058

0.048
0.059

0.075
0.114

0.067
0.079

0.112
0.162

0.234
GW 90

(h=2
) 0

.103
0.091

0.084
0.114

0.192
0.099

0.094
0.080

0.110
0.187

0.103
0.089

0.080
0.095

0.171
0.104

0.081
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