Spanish
Journal of
Statistics

VOLUME 7, NUMBER 1, 2025

INC



Spanisgj ournal
of
tatistics

NIPO: 222-24-003-9
ISSN: 2695 - 9070
DO :https://doi.org/10.37830/5]5.2025.1

EDITOR IN CHIEF

José Maria Sarabia, Universidad de Cantabria, Spain

ASSOCIATE EDITORS

Manuela Alcaifiiz, Universidad de Barcelona, Spain

Barry C. Arnold, University of California, USA

Narayanaswamy Balakrishnan, McMaster University, Canada
Sandra Barragdn, Instituto Nacional de Estadistica INE, Spain
Jean-Philippe Boucher, Université du Québec a Montréal, Canada
Enrique Calderin-Ojeda, University of Melbourne, Australia
Gauss Cordeiro, Universidade Federal de Pernambuco, Brazil

Alex Costa, Oficina Municipal de Datos, Ayuntamiento de Barcelona, Spain
Maria Durban, Universidad Carlos III de Madrid, Spain

Jaume Garcia Villar, Universitat Pompeu Fabra, Spain

Emilio Gémez-Déniz, Universidad de Las Palmas de Gran Canaria, Spain
Enkelejd Hashorva, Université de Lausanne, Switzerland

Vanesa Jorda, Universidad de Cantabria, Spain

Nikolai Kolev, Universidade de Sao Paulo, Brazil

Victor Leiva, Pontificia Universidad Catélica de Valparaiso, Chile

José Maria Montero-Lorenzo, Universidad de Castilla-La Mancha, Spain
Jorge Navarro, Universidad de Murcia, Spain

Maria del Carmen Pardo, Universidad Complutense de Madrid, Spain
José Manuel Pavia, Universidad de Valencia, Spain

David Salgado, Instituto Nacional de Estadistica and Universidad Complutense de Madrid, Spain
Alexandra Soberén, Universidad de Cantabria, Spain

Stefan Sperlich, University of Geneva, Switzerland

M. Dolores Ugarte, Universidad Puablica de Navarra, Spain

©INE Published by the Spanish National Statistical Institute






Spanish Journal of Statsitics
VOLUME 7, NUMBER 1, 2025
Contents
Editorial

Presentation of Volume 7,1,2025 5
by José Maria Sarabia

Regular Articles

Copula based inference for certain types of actuarial data sets: A brief survey 9
by [.Ghosh, C.Greenway, H.Powers and B. Kelly Kortan

Gender gap and spatial disparities in the evolution of literacy in Spain,
1860-1910 39
by J.M.Gutierrez and G.Quiroga

Feasibility of Implementing Accelerometers in the Spanish Health Survey 75
by B.del Pozo Cruz, R.M. Alfonso Rosa and J.del Pozo-Cruz

Semiparametric von Mises kernel circular density estimator 91
by Y. Zianel, N. Zougab, K.Bedouhene and S. Adjabi

Objective Bayesian goodness-of-fit tests for the alpha-skew-normal 109
distribution
by J.R.Olmos-Zepeda and S.Perez-Elizalde

Invited Article

Address at the 2024 Spanish National Award in Statistics 131
by C. Bielza

Aknowledgement to reviewers 140






SPANISH JOURNAL OF STATISTICS
Vol. 7 No. 1, 1025, Pages 5 — 8
doi:https://doi.org/10.37830/5JS.2025.1.01

Editorial, Spanish Journal of Statistics

Presentation of Volume 7, 1, 2025

José Maria Sarabia
Editor-in-Chief Spanish Journal of Statistics

University of Cantabria, Spain

Dear readers and dear members of the statistical community,

It is my pleasure to present Volume 7, Issue 1, corresponding to the year
2025. This volume consists of six interesting articles, five articlesin t he gen-
eral statistics section and one invited article, related to the 2024 Spanish
National Award in Statistics.

The first article is entitled “Copula based inference for certain types of ac-
tuarial datasets: A brief survey”, whose authors are Indranil Ghosh, Carman
Greenway, Hannah Powers, and Brandon Kelly Kortan, from the University
of North Carolina, Wilmington, USA. Copulas provide a powerful frame-
work for modeling bivariate and multivariate dependence structures. In this
study, the authors investigate several forms of dependence characterized by
well-established dependence measures, including Spearman’s p, Kendall’s 7,
and Blomqvist’s 3, for selected actuarial datasets obtained from the CAS
data repository in the R software package. The research primarily focuses
on insurance claim datasets, the proposed copula-based methodology can be
readily applied to other actuarial data types and broader domains. Using the
CDAvine package in R, the authors identify the best-fitting bivariate copula
for each dataset and subsequently examine various structural properties of
these optimal copula models. This approach also provides a basis for extend-
ing the analysis to multivariate dependence using vine copula constructions,
which will be addressed in a separate article.



The next article is entitled, “Gender gap and spatial disparities in the
evolution of literacy in Spain, 1860-1910” and its authors are José Manuel
Gutiérrez, University of Salamanca, Spain and Gloria Quiroga, Complutense
University of Madrid, Spain. This article examines the dynamics of Span-
ish literacy between 1860 and 1910, a period in which local councils were
responsible for public elementary education. To this end, the authors con-
struct a harmonized series of literacy rates for the population aged ten or
older, disaggregated by sex and province. Marked spatial differences and a
very large gender gap are observed. Five clusters are identified according
to provincial male literacy rates in 1860; these clusters retain explanatory
power throughout the period and for both sexes. A parsimonious statistical
model of the evolution of male literacy, incorporating linguistic variables,
shows considerable temporal stability in its spatial distribution. The model
for female literacy displays similarities to that of male literacy, although in
this case the initial condition (in 1860) is explained not by female literacy but
by male literacy. Overall, the evolution of literacy in Spain between 1860 and
1910 did not follow the spatial pattern of economic modernization. Moreover,
there was no correlation between birth rates and children’s literacy rates for
either sex, nor between urbanization and literacy. In the broader Western
European context, Spain’s literacy trajectory during this period was largely
a failure, except for the provinces in the top cluster.

The third article is entitled “Feasibility of Implementing Accelerometers
in the Spanish Health Survey”, whose authors are Borja del Pozo Cruz, De-
partment of Sport Sciences, European University of Madrid, Spain; Rosa
M. Alfonso Rosa, Department of Human Motricity and Sport Performance,
University of Seville, Spain and Jesus del Pozo-Cruz, Department of Physi-
cal Education and Sports, University of Seville, Spain. Accurately measur-
ing physical activity, sedentary behavior, and sleep is vital for public health
monitoring, but self-reported data are often biased. Accelerometers provide
objective information, yet their feasibility within the Spanish Health Sur-
vey, ESdE, has not been assessed. In this study the authors evaluated the
integration of thigh-worn accelerometers in the ESAE by analyzing partic-
ipant compliance, device usability, data return, and comparisons with self-
reported measures. A total of 100 adults aged 30-90 were recruited through
five provincial delegations of the National Statistics Institute, INE, with each
delegation enrolling 20 participants equally divided between home-based col-
lection and prepaid-return groups. All participants wore a thigh-mounted
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SENS accelerometer continuously for 7 to 10 days using a water-resistant
patch, with two patches provided in case replacement was needed. INE staff
administered the ESAE questionnaire and coordinated device logistics. Valid
accelerometry data were obtained from 98 participants, showing excellent
compliance. Device return rates were 100% in the collection group and 85%
in the prepaid-return group. Comparison with self-reported data was only
possible for sedentary behavior, where participants consistently underesti-
mated sitting time. Agreement between self-reports and accelerometry was
low, and Bland—Altman plots revealed a clear negative bias. These findings
demonstrate the feasibility of incorporating accelerometry into national sur-
veys like the ESAE, with high participant adherence and minimal operational
issues. The objective data provided by accelerometers can complement self-
reported measures and capture domains such as sleep and incidental activ-
ity, which are often overlooked. The authors conclude that their inclusion in
future surveys could improve the accuracy and usefulness of lifestyle surveil-
lance in Spain.

The fourth article is entitled, “Semiparametric von Mises kernel circu-
lar density estimator”, whose authors are Yasmina Ziane, Nabil Zougab and
Kahina Bedouhene, from the Research unit LaMOS, Faculty of Exact Sci-
ences, Bejaia University, Algeria and Kahina Bedouhene, from the Depart-
ment of Mathematics, University of Tizi-Ouzou, Algeria. In this article,
the authors propose estimating the circular density function using a bias-
corrected semiparametric circular kernel method based on the von Mises
kernel. This approach applies a multiplicative bias correction to the ini-
tial parametric model to improve both the estimator’s quality and its bias
properties. Two semiparametric estimators-Hjort and Glad (1995) (HG) and
Jones, Signorini, and Hjort (1999) (JSH) are applied to estimate the probabil-
ity density of circular data with support [0, 27]. Their properties, including
bias, variance, and integrated mean square error (MSE), are presented. A
comparative study is performed to evaluate the performance of the semi-
parametric estimators (HG and JSH). The commonly used cross-validation
technique is adapted for bandwidth selection. Finally, a simulation study
and an application with real data for circular data illustrate, in terms of in-
tegrated squared bias (ISB) and integrated squared error (ISE), that the JSH
and JLN semiparametric estimators with the von Mises kernel outperform
the classical and HG estimators.



The fifth article in this volume is entitled, “Objective Bayesian goodness-
of-fit tests for the alpha-skew-normal distribution”, whose authors are José
Rodolfo Olmos-Zepeda and Sergio Pérez-Elizalde, both in the Department of
Statistics and Data Science, Colegio de Postgraduados, Mexico. The family
of alpha-skew-normal (ASN) distributions constitutes a flexible class of three-
parameter probability models defined by their location, scale, and shape. The
shape parameter controls both asymmetry and uni-/bimodality, enabling the
distribution to capture unimodal or bimodal patterns with varying degrees
of skewness. The authors introduce an objective Bayesian goodness-of-fit
test for assessing whether a random sample arises from an ASN distribu-
tion when the parameters are unknown. The proposed test statistics are
constructed from the empirical distribution function, whose sampling dis-
tributions depend exclusively on the shape parameter. Their prior predic-
tive distributions, serving as null distributions, are obtained by integrating
out the shape parameter with respect to a proper approximation to Jeffreys
prior—specifically, a Cauchy prior—selected for its analytical tractability.
Critical values are obtained through Monte Carlo simulation. A thorough
simulation study shows that the proposed tests maintain the nominal sig-
nificance level under a wide range of conditions and display strong power
against various alternative distributions. The methodology is further illus-
trated through real-data applications, demonstrating its practical relevance.

The sixth article is an invited contribution based on the speech delivered
by Professor Concepcion Bielza upon receiving the 2024 Spanish National
Statistics Prize, a ceremony made especially notable by the presence of His
Majesty the King of Spain. The article offers a personal perspective on her
research career, characterized by the long-standing interplay between statis-
tics, artificial intelligence, and their applications in neuroscience and indus-
try. After beginning her professional career in statistical decision theory and
probabilistic graphical models, Bayesian networks soon became the central
framework of her work, enabling rigorous reasoning under uncertainty across
a wide range of fields.

Finally, I would like to express my gratitude to all the authors contribut-
ing to this volume for choosing our journal as a platform for disseminating
their research. I also wish to acknowledge the work of the editors and re-
viewers, whose efforts help uphold a high standard of scientific quality.
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Abstract: Copula is a useful tool for modeling bivariate/multivariate dependency structures among
others. In this paper, we aim to study various types of dependence indicated by well-known mea-
sures of dependence such as Spearman’s p, Kendall’s 7, and Blomqvist’s S etc., for certain types of
actuarial datasets, which is obtained from the CAS datasets in R software package. Although our pri-
mary focus is on the insurance claim datasets, the adopted copula-based procedure can be mimicked
in other types of actuarial datasets and other domains as well. On using the CDA vine package in
R, we find the best fitted bivariate copula for a given dataset, and subsequently study various struc-
tural properties of the derived best fitted bivariate copula. The adopted strategy can be envisioned in
identifying and exploring multivariate dependence via Vine copula strategy which will be discussed
in a separate article.

Keywords: Bivariate copula; Measures of Association; Kendall’s tau; Copula fitting

MSC: 62H05, 62H20, 91G70

1 Introduction

Copula, Latin for “link, tie, or bond," in the mathematical world, is a function that allows us to
combine univariate distributions to obtain a joint distribution with a particular dependency structure,
according to the work of Durante and Sempi (2016). While copulas were first formally introduced
to the mathematical and statistical world in 1959, the idea was not a foreign concept, as primitive
versions of copulas were seen in Wassily Hoeffding’s works as early as 1940. Hoeffding established
possible bounds for these functions and studied measures of dependence invariant under strictly
increasing transformations. Maurice Fréchet’s work in 1951 also had ideas similar to the copula
present, as his work on bounds for joint distributions with given marginals laid the foundation for
copulas.

Copulas, introduced by Abe Sklar in 1959, are a fundamental resource in defining dependency
structure between random variables. Sklar’s theorem allows for a transformation of dependency

© INE Published by the Spanish National Statistical Institute



10 1.GHOSH, C.GREENWAY, H. POWERS AND B.K. KORTAN

structure to a simpler form involving a joint uniform cumulative distribution function in a trans-
formed random variable and marginal probability density functions. The idea is to use the probabil-
ity integral transform

y = /_ Ju(u)du = Fx (),

for some random variable X to define a uniformly distributed random variable Y. While the original
theorem makes no mention of such a condition, it is often preferable to use continuous marginal
cumulative distribution functions F, (X,,) = U,, so that each U,, ~ U(0,1). Using Y as dummy
variable, one may write

Fy(y) =P[Y < y] =P[Fx(X) < y] =P[X < Fy'(y)] = Fx(Fx'(y)) = v.

The dependence between two random variables, say X and Y, is completely described by the
joint distribution function Fxy (z,y)) . The major motivation of separating Fx y (x,y)) in two parts:
the one which describes the dependence structure, and the other one which describes the marginal
behavior, leads to the concept of copula. To every bivariate distribution function Fxy (x,y)), with
continuous marginals Fx (z) and Fy (y), corresponds to a unique function

C :10,1] x [0,1] — [0, 1], such that

Fxy (z,y)) = C (Fx(z), Fy(y))

for (z,y) € (—00,00) X (—00,00). Extension of this definition to a higher dimension (say, in d -
dimension, where d > 3) can certainly be envisioned. This could be summarized as follows.
A d-dimensional copula is a function C : [0,1]¢ — [0, 1] that satisfies:

(i) C(ur,ug,y ... ui—1,0,%i41,...,uq) = 0foralll <i < d,and 0 < up < 1fork =1,...,d with
k # i.
i) ¢(1,...,1,u,1,...,1) = uforall 0 < u < 1, in each of the d arguments. That is, the copula
equals u when one argument is v and all others are 1.
(iii) For any vectors s = (s1,...,5q4) and w = (w1, ...,wq) such thats; < w; foralli =1,...,d, the
following inequality holds:

2 2
SN (ryirtac @™ L) > o,

(1) (2)

where u; = s; and u;” = wj for each j = 1,...,d. That is, the copula is non-decreasing in d
dimensions.
The copula is then the joint cumulative distribution function C'(@), where @ = (u1, ug, ..., uq) of

the transformed random variables v and contains all dependency information of the initial random
variables 4. According to Sklar’s (1959) theorem,

C(ud) = C(Fx,(x1),.... Fx,(xq)) = PlU1 < uy,...,Ug < ugl,

such as elliptical, Archimedean, and Pickands.
Sklar’s formal introduction of copulas provided a powerful tool to model and analyze depen-
dency structures between random variables, regardless of marginal distributions. His theorem is not
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limited to the mathematical world, as fields such as finance, hydrology, and engineering all need
an understanding of the joint behavior of random variables through certain copulas, see, Nadarajah
(2017) for pertinent details in this context.

The Gaussian copula family of models was first introduced to the financial field by Oldrich Va-
sicek, see, for pertinent details, see, Trivedi (2007) and the references cited therein. He first introduced
the copula model at a corporate loan firm to help reduce concentration of risk in specific geographic
regions and industries. From there, the use of copulas in finance increased heavily in 2000, when
David X. Li applied them to model default correlations in credit risk. This work skyrocketed the
popularity of the Gaussian copula model to price collateralized debt obligations (CDOs) and assess
the risk of credit portfolios. However, the Gaussian copula, like all other types of copulas, has lim-
itations that users must be mindful of, particularly in capturing tail dependencies. The overuse of
the Gaussian copula has been linked to the 2007-2008 financial crisis because of failure to predict
extreme joint movements, which led to significant financial loss. This shows the need to determine
the correctness of assumptions underlying the use of specific copulas. Next, we discuss another type
of copula which is useful in financial risk modeling, namely, the Gumbel copula.

The Gumbel Copula, named after Emil Julius Gumbel, a German mathematician known for his
contributions to the Extreme Value Theorem, is a part of the Archimedean copula tree that specializes
in deciphering the dependence structures between random variables, mostly focusing on upper tail
dependence, scenarios where extreme high values in one variable are associated with extreme high
values in another, see, Tinungki (2023) and the references cited therein for an extensive discussion on
this matter. The Gumbel copula has been applied to various fields, such as risk management in the fi-
nancial field, actuarial science, modeling insurance risks, and hydrology, modeling joint distributions
in events such as extreme rainfall and river discharge, helping to assess flood risks among others. The
Gumbel Copula also has its limitations. While it is great for modeling the upper tail dependence, it
lacks a similar strength in magnitude for modeling the lower tail dependence, which is the tendency
of variables to jointly exhibit low values. In addition, there is another family (alias collection of cop-
ulas) which are quite useful in actuarial data application, popularly known as Archimedean copula.

The term “Archimedean Copula” was first introduced in statistical literature by Christian Genest
and Jock MacKay in their work, see, Genest (1986). The most common Archimedean are the Gumbel
Copula, as previously discussed, the Clayton Copula, the Frank Copula, the Ali-Mikhail-Haq (AMH)
Copula, the Joe Copula, and the Nelsen Copula etc. All of these are designed to model dependencies
between random variables, with each copula model specializing in different fields with different tail
dependency modeling.

Although not that much of use (as compared to a Gaussian copula), the t-Copula, also known
as the Student’s t-Copula, is another copula used to model dependence structures between multiple
random variables. The term t-Copula first gained notoriety in 2005, through the work of Stefano
Demarta and Alexander J. McNeil. In their work, they analyzed the t-Copula’s properties and ap-
plications, which contributed significantly to its adoption in statistical modeling. The t-Copula is
heavily applied in the risk management and financial fields, especially in portfolio management. The
t-copula can also be divided into two special cases, namely, the Skewed t-Copula and the Grouped
t-Copula. The Skewed t-Copula extension introduces asymmetry into the dependence structure,
which allows for different behaviors in the upper and lower tail structures, which is extremely useful
in the financial field. Meanwhile, the Grouped t-Copula model allows for varying degrees of free-
dom parameters for different groups of variables, which allows us to get a more nuanced modeling
of dependencies in heterogeneous data sets, see, Venter(2002). The t-copula, and their extensions
have drawbacks, especially in terms of computation. In the next, we discuss the motivation to carry
out this project.

SIS, Vol. 7 No. 1 (2025), pp. 9-38



12 1.GHOSH, C.GREENWAY, H. POWERS AND B.K. KORTAN

This paper leverages the copula models available in the VineCopula package in R to explore
about the dependency structure among concomitant variables present in an various types of insur-
ance data. As the misuse of copula models was partly to blame for the financial collapse of 2008,
we concern ourselves with tail dependence, or dependence of extreme events. An example of the
importance of tail dependence in insurance data is as follows: Suppose that there is a strong upper
tail dependence of average charges to a health insurer and the number of stays at the hospital. This
would imply that the overall cost is much higher. If the insurer finds that many of its policyholders
have frequent hospital visits, this could pose a significant risk to the insurer. The copula fit to the
data, as in this example, gives important insights into dependency and tail dependence so that the
appropriate decision(s) can be made.

Our work intends to fit bivariate copulas to understand these tail risks, as well as on the overall
dependence. The remainder of this paper is organized as follows. In Section 2, we describe vari-
ous dependence measures and the associated copula version of it. Section 3 briefly outlines various
datasets from insurance domains and we provide adequate rationale on the selection of these data
sets as well as variable selection. In Section 4, we provide the details of the copula fitting to each of
these datasets. Finally, some concluding remarks are made in Section 5.

2 Dependence Measures

In the study of bivariate dependence, there are multiple measures specific to each types of different
scenarios that an experimenter/researcher can envision. In this paper, we focus on three distinct
types of popular dependence measures, each of which can be obtained via a copula which are:(a)
Pearson’s correlation coefficient; (b) Kendall’s Tau, and (c) Blomqvist’s 3.

¢ Pearson’s correlation coefficient is given by

~ Cov(X,Y)

- oxoy
where Cov(X,Y) = E(XY) — E(X)E(Y), and where |p| < 1.
In terms of copula, Spearman’s pg can be written as

pS:12/ C(u,v)dC(u,v)Sle// [C(u,v) — uv] dudv.
[0,1)2 [0,1)2

However, Pearson’s correlation is highly sensitive to outliers as it involves central moments,
as a single extreme value can distort the coefficient and produce a misleading output. Pear-
son’s correlation assumes the relationship between two variables is linear, and does not capture
nonlinear associations. Additionally, it assumes that the data is approximately Gaussian which
may produce unreliable results if the data is skewed or otherwise non-Gaussian. In cases where
assumptions are violated or the relationship is non-linear, different methods should be used,
such as Kendall’s 7. In the next, we discuss some useful details on Kendall’s 7.

¢ Kendall’s 7, developed by Maurice Kendall in 1938, is a non-parametric measure of the strength
and direction of the relationship between two variables. Unlike Pearson’s correlation, which is
designed for linear relationships, Kendall’s Tau is useful for ordinal (ranked) data or when the
relationship between variables is nonlinear. Kendall’s Tau compares the relative ordering of
pairs and focuses primarily on counting the number of concordant and discordant pairs. A
pair is said to be concordant if:

(X1 — XQ)(Yl — YQ) > 0,
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where both variables move in the same direction (both increasing or both decreasing). A pair
is said to be discordant if:
(X1 — XQ) (Y1 — YQ) <0,

where one variable increases while the other decreases, and (X, Y1) and (X2, Y2) are two pairs
of random variables from a joint distribution function. If a pair holds the same rank, it is
considered tied.

There are two variations of Kendall’s Tau: Tau-a and Tau-b. Tau-a is used when there are no
tied ranks in the data, while Tau-b is the most commonly used version when ties are present.
The formula for Kendall’s Tau is given by:

C-D
VCH+D+T)(C+D+T)

where C is the number of concordant pairs, D is the number of discordant pairs, and 73, T are
the number of tied pairs. Alternatively, 7 can be written as:

T = ]P)[(Xl — XQ)(Yl — }/2) > 0} — ]P)[(Xl — XQ)(Yi — YQ) < 0]

Let X and Y be continuous random variables with copula C'. Then Kendall’s tau is:
7':4/ C(u,v)dC(u,v) —1
[0,1)2

The result ranges from —1 (perfect negative rank correlation) to +1 (perfect positive rank cor-
relation), with 0 indicating no correlation. Kendall’s Tau is widely used in the social sciences,
medical research, and economics. However, it has limitations, such as a computational com-
plexity of O(n?) and sensitivity to ties in data. Next, we consider the role of Blomqvist’s 3 as a
measure of dependence.

¢ Blomgqvist , introduced by Nils Blomqvist in 1950, is a non-parametric measure of statistical
dependence. It measures the strength of association between two variables based on medians
rather than considering the full distribution ranks. Unlike Pearson’s correlation coefficient,
which measures linear relationships, or Kendall’s Tau, which assesses monotonic relationships,
Blomqvist’s 3 focuses on how observations cluster around their median values. Blomqvist’s 3
is particularly useful when dealing with ordinal data, non-Gaussian distributions, and datasets
with outliers. It is defined as:

B =4P[X > Mx,Y > My] — 1,

where Mx and My are the medians of X and Y, respectively, and P (X > Mx,Y > My) is
the probability that both variables fall above their medians. The copula based expression of
Blomgqvist 3 is defined as
B=4C(},3) -1

Blomqvist’s 3 ranges from —1 (strong negative association) to +1 (strong positive association),
with 0 indicating no association. While less commonly used, Blomqvist’s 3 is applied in finance
for skewed financial returns, Denuit (2005); medical research for disease rates, Nooraee (2014),
and social sciences for survey analysis, Agresti (2010). However, it has weaknesses, including
loss of information due to median-based classification, sensitivity to ties in data, and poor per-
formance for weak dependencies. All considered, it is necessary to use either Blomqvist’s 5 or
other correlation measures as demanded by the application.

SIS, Vol. 7 No. 1 (2025), pp. 9-38



14 1.GHOSH, C.GREENWAY, H. POWERS AND B.K. KORTAN

Looking strictly at the financial field, copulas enable modeling of dependencies between different
assets, capturing tail dependencies that traditional correlation measures might miss. This allows for
a more accurate estimation of risk measures such as Value-at-Risk (VaR) and Conditional Value-at-
Risk (CVar), leading to better-informed investment decisions. The flexibility of copulas allows for
the modeling of complex, non-linear dependencies, and tail risks, which are critical in stress testing
and scenario analysis. By selecting appropriate copula functions, risk managers can simulate various
market conditions and assess potential impacts on portfolios. Some of the most commonly used
copulas are the Gumbel copula for extreme distributions, the Gaussian copula for linear correlation,
and the Archimedean copula and t-copula for dependence in tails.

Our goal is to model and examine the strength and direction the dependency structure(s) of con-
comitant random variables that are selected from the CAS datasets for an efficient way of creating
guidelines for a better decisions pertaining to insurance pricing or so. This paper will use Pearson’s
correlation, Kendall’s Tau, and Blomqvist’s 3 to analyze the relationship between bivariate distribu-
tions in terms of the best fitted copula for each of those illustrative data sets and using copula based
definition of those dependency measures. Choosing the most accurate statistical model is essential
for extracting relevant information from the data. It is to be noted that the Pearson’s correlation
measure is best for identifying the strength of linear relationships, Kendall’s 7 is preferred for mono-
tonic but nonlinear relationships, and the Blomqvist’s 3 is suitable when median-based dependencies
matter. Next, we provide some useful details on the real data sets selected from the CAS data sets in
R.

3 Real Data Application

Swedish motor insurance data is provided by the CAS datasets repository on Github for public use
(link: https:/ /cas.uqam.ca/pub/web/CASdatasets-manual.pdf), especially with the Computational
Actuarial Sciences textbook. This insurance data was collected in 1977 by the Swedish Committee
on the Analysis of Risk premiums. The data of concern for this repository are claims, the number
of claims by each policyholder; insured, the number of years of the policy; and payment, the sum of
payments made by the policyholder. We will use bivariate copulas to model the bivariate depen-
dency structures of both claims and insured to payment. We chose to model claims against payment
to describe tail risks associated with the number claims made to payment, as this is a concern for
financial risk purposes. We chose to model insured to payment to determine how payments toward
the policy decide how long the policy is held, or vice versa.

Next, term life insurance data is also provided by the CAS datasets repository. This is data
from the United States in a survey from survey of consumer finances. It is a nationally represen-
tative random sample of 500 households. The data of concern for this repository are income, the
income of the family, and face, the amount of the payout in the event of death. We chose to model
income to face to see how the choices of the value of the policy are decided by the income of the family.

Next, we consider Medicare Hospital Costs which is a dataset from the Health Care Financing
Administration, Bureau of Data Management and Strategy. It is mainly for use with Regression
Modeling with Actuarial and Financial Applications by Frees (2009). We look specifically at the
Medical Expenditure Panel Survey (MEPS), which was a nationally representative survey conducted
by the U.S. Agency of Health Research and Quality. The data of concern in this dataset are income,
the median income of families, and borrowed, the amount borrowed on the life insurance policy. We
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chose to model income to borrowed to determine the relationship between the income of the family
and how much it borrows from its life insurance policy.

3.1 Variable Selection

To model the above mentioned example data sets via a bivariate copula, we first revisit the Swedish
motor insurance data set and a US life insurance data set, the details on this data is given earlier
in Section 2. This data set has several concomitant variables. However, we describe below (in the
form of several models) variable selection from this data set and study the associated dependence
structure via a best fitted copula.

1. Model 1: We consider Insured and Payment as two concomitant variables and we want to
explore the strength and direction of the dependency between them. By implementing a copula
based approach (via the CDA vine copula package in R), the best fitted bivariate copula in this
case is found to be the following: BB6 copula with parl=1.59, par2 =2.81, 7 = 0.73. Some useful
structural details of this copula is provided in Section 4.

2. Model 2: Involving components Claims and Payment. Here, the best fitted bivariate copula is
the bivariate ¢ copula with parl= 0.98, par2 = 2, 7 = 0.87. Some useful structural details of this
copula is provided in Section 4.

After analyzing the individual scatter plots, we decided upon further analysis by comparing the con-
tour plots, which can be found below in Figure 3. The left contour plot of Figure 3 shows very tight
contour lines, once again suggesting a high dependence relationship between claims and payment.
The lack of curvature in the corners of the contour graph suggests low-tail asymmetry. For the right
contour plot, we see very tight contour lines in the top right and more loose in the bottom left, a clear
sign of upper tail dependence. The sharper corner in the top right of the graph could suggest that
the more extreme values of insured have a more closely associated extreme value of payment values,
whereas lower values of insured may have more variability for the payment values. When modeling
via the copulas, we found that the Insured and Payment variables had a Kendall’s 7 = 0.73, which
indicates a relatively strong correlation between the two variables. The best fitted copula is the BB6
copula, which is a member of the Archimedean family. The BB6 copula is particularly well suited
for capturing strong tail dependencies, meaning that extreme values in one variable are likely to cor-
respond to extreme values in the other. This makes it an appropriate choice for modeling insurance
related datasets where large payments may be influenced by the number of insured individuals. The
BB6 copula is parameterized by 6 (par 1) and 4 (par 2) which control the dependence structure. The
 parameter governs the overall dependence structure strength, while § determines tail dependence,
with larger values indicating stronger tail dependence. The CDF graph in figure 4 shows the cumu-
lative probability over the unit square [0, 1]? , based on the BB6 copula. The steep climb towards the
corner suggests strong positive dependence, particularly in the upper tail. This kind of sharp slope
usually indicates that more extreme high values of the variables tend to occur jointly more frequently
than under independence, confirming our previous findings. As for the PDF graph, this shows the
derivative of the CDF, which is a visualization of where the associated copula density is concen-
trated. There is a very sharp spike in the top right corner of (1,1), and almost flat everywhere else,
confirming a strong upper tail dependence. This graph also captures the extreme co-movements,
once again confirming that when one variable is high, the other variable will tend to be high too.
For illustrative purposes, we provide the scatterplot between Claims and Payment in Figure 1 in the
Appendix. From Figure 1, it appears that there exists a strong positive linear relationship. In Figure
4, we provide the pdf and the cdf for the BB6 copula with the estimated parameter values.

SIS, Vol. 7 No. 1 (2025), pp. 9-38



16 1.GHOSH, C.GREENWAY, H. POWERS AND B.K. KORTAN

For the second model, the best fitted bivariate copula in this case is a Student’s t-Copula, which
is a member from the Elliptical family, and is particularly useful for capturing both linear and tail
dependence. Using a Student’s t-Copula allows for flexible correlation structures that better model
financial and insurance datasets where extreme values can occur at the same time. The two key
parameters for the Student’s t-Copula are p (par 1) and v (par 2). The p parameter represents the cor-
relation between two variables, while v, the degrees of freedom, controls the heaviness of tails, with
smaller v values indicating stronger tail dependence. The Student’s t-Copula makes for a suitable
choice for modeling extreme claims and payment behavior, as it allows for capturing risk concentra-
tion in the tails. In terms of the Claims and Payment copula, we found that the Kendall’s 7 value
to be 0.87, which indicates a significantly strong correlation between the two variables. Figure 1
suggests a very strong, positive correlation, which confirms our high Kendall’s 7 of 0.87. As Claims
increases, Payment tends to increase, with low variation. For lower claims, payment is more spread
out, implying more noise or variability with how smaller claims are handled. For illustrative pur-
poses, we provide the scatterplot between the two variables Insured and payment. Figure 2 exhibits
a strong positive correlation. As Insured values increase, so do the payment values. These points are
clustered very tightly in the top right corner, which is a sign of upper tail dependence, meaning high
insured values are closely associated with high payment values. There is some higher vertical spread
within the 0.25 to 0.75 range, suggesting some moderate variability within the dependence of the
two variables. In Figure 7, we provide the pdf and the cdf of a bivariate ¢-copula with the estimated
parameter values.

The tables below detail the summary of the goodness of fit, estimates of the model parameters
etc. of each model. Note that all of these computations were performed in R using the CDAvine
package.

Table 1: Dependence measures between variables for Swedish Motor data.

Swedish Motor/Model X1 X Kendall’s 7 | Spearman’s p
Modell Claims | Payments 0.87 0.962
Model2 Insured | Payments 0.73 0.903

Table 2: Model diagnostics and goodness of fit statistics for the best fitted copula for the Swedish
Motor data.

Swedish Motor | Best Fitted | Parameter AIC BIC Log
Model Copula Estimates Likelihood
Modell T-Copula (0.98,2) -7129.3 | -7117.92 |  3566.65
Model2 BB6 (1.59,2.81) | -4095.96 | -4084.58 2049.98

3.2 Data Set2

This data set, the US Term Life Insurance data set, was a survey with 500 household participants
carried out in 2004 by the Survey of Consumer Finances (SCF) group. This included characteristics
such as gender, age, marital status, education, etc. This data set is also publicly available on the
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Wisconsin School of Business FreesBook-RMAFA website. Here, we consider two different models
based on two sets of concomitant variables selected for this purpose.

1. Model 3: Involving components Income and Face. Here, the best fitted copula is given by Tawn
type 1 with parl = 1.84, par2 = 0.49, tau = 0.28.

2. Model 4: Involving components Income and Borrow CV Life Policies. Here, the best fitted
bivariate copula is the bivariate Frank copula with parl=1.59, par2 = 0.17, tau = 0.17.

As seen above in the Term Life Insurance copula between the variables Income and Face, we
see the Kendall’s Tau value is 0.28, which indicates a positive but very weak correlation, which at
first glance indicates that the variables chosen have almost no impact on the life insurance policy
these households would use/already have purchased. The Tawn type 1 copula, used to model this
relationship, is an extension of the Gumbel copula that allows for asymmetric tail dependence. Un-
like symmetric copulas such as the Gaussian or Clayton copulas, the Tawn type 1 copula introduces
an additional asymmetry parameter, which enables it to better capture imbalances in dependency
structure. This copula is characterized by 6 parameter, which controls the overall strength of depen-
dence, and is equal to 1.84. The second parameter, §, which introduces asymmetry (one tail may
be stronger than the other), is equal to 0.49. Given that the Kendall’s Tau is very low, the copula
structure confirms that there is minimal dependency between Income and Face in influencing life
insurance policy choices. However, the choice of a Tawn type 1 copula suggests that there may still
be some asymmetric tail dependence, meaning that individuals at extreme values of Income or Face
might exhibit slightly different dependency patterns than those in the middle of the distribution.

Upon careful observation of the scatter plot and contour plots of Income and Face, which can be
found in Figures 5 and 6 respectively, the scatterplot is much more diffuse than the previous ones.
There is a very loose upward trend, which means that as the income values increase, the face val-
ues tend to increase, but it is not very tight and there is a large vertical spread across most income
levels. The horizontal band of points at the bottom could suggest either a minimum face value for
each policy given regardless of income, or a mass of ties in the data points when transformed into
pseudo-observations. The contour plot also supports our previous summation of the scatter, as Fig-
ure 6 shows the contours are fairly elliptical and centered, which is a hallmark of weak symmetrical
dependence. There is no strong skew or curvature, suggesting that there is no upper or lower tail
dependence. The very slight elongation along the 45 degree line suggests a small positive correla-
tion, meaning that increases in income tend to increase with face value, but very weakly. There are
no strong outliers or asymmetry to speak of.

The tables below detail the results of each model.

Table 3: Dependence measures between variables for Term Life Insurance data

Term Life/Model X, X Kendall’s 7 | Spearman’s p
Modell Income Face 0.28 0.365
Model2 Income | Borrow CV 0.17 0.210

3.3 Data Set3

The third dataset we examined was Medicare Hospital Costs, where data was obtained from the
Health Care Financing Administration, Bureau of Data Management and Strategy. This data set in-
cludes impatient hospital charges covered by the Medicare program for the years 1990-1995. This
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Table 4: Model diagnostics and goodness of fit statistics for the best fitted copula for Term Life Insur-
ance data

Term Life | Best Fitted | Parameter AIC BIC Log
Model Copula Estimates Likelihood
Modell | Tawn Typel | (1.84,0.49) | -112.75 | -104.32 58.37
Model2 Frank (1.59,0.17) | -2042 | -16.21 11.21

included variables such as state name, total hospital charges, number of hospital stays, number
of discharged, etc. This data set is available on the FreesBook-RMAFA website of the Wisconsin
School of Business. This dataset involves components Charges and Number of Stays. On using the
CDAVinepackage in R, the best fitted bivariate copula happens to be a Survival Gumbel with the
following parameter choices: (parl = 6.12, par2 = 0.84, 7= 0.84)

As indicated above in the Medicare data, the bivariate copula between the two seemingly con-
comitant variables, name ly the Charges and the Number of stays, we see the Kendall’s 7= 0.84,
which indicates a positive and strong correlation. This means that the total hospital charges covered
by medicare has a strong, positive dependency with the number of hospital stays. The Survival Gum-
bel copula is a copula function derived from the Gumbel copula, which is known to capture a strong
positive dependency in extreme values. Unlike the original Gumbel copula, which emphasizes the
dependence on the lower tail, the survival version allows the copula to focus on the upper tail rather
than the lower tail.

The tables below detail the results of each model.

Table 5: Dependence measures between variables for Medicare data.

Medicare Costs X X, Kendall’s 7 | Spearman’s p
Medicare Charges | Number of Stays 0.84 0.97

Table 6: Model diagnostics and goodness of fit statistics for the best fitted copula for Medicare data.

Medicare Costs Best Fitted Parameter AIC BIC Log
Copula Estimates Likelihood
Medicare Survival Gumbel | (6.12,0.84) | -895.61 | -891.83 448.8

In the next, we discuss several useful structural properties related to each of the fitted bivariate
copula beginning with the BB6 copula.

4 Structural properties of the fitted Copula

This section presents the analysis of certain structural properties of the copulas. We begin our dis-
cussion with the BB6 copula.
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4.1

BB6 (Joe-Gumbel) Copula

The BB6 copula is an Archimedean copula, so that for generator ¢(t),

C(u,v) = ¢ (d(u) + ¢(v)).

In this case, the generator and its inverse qbfl are

(t) =(—log[l — (1 = )])°,6 > 0,6 > 1;

¢_1(5) =1-(1- eXp[—sl/‘S])l/Q

u>0wv<1,0>1062>1.

Therefore, the expression of the BB6 copula is given by

1/6

C(u,v) =1— {1 —exp{—[(—log (1 —af’))é + (—1og (1 - 59))5}1/5}} :

wheret =1—u,and v =1 —v.

19

1)

¢ The BB6 copula is symmetric in the sense that for this copula C' (u,v) — C (v,u) =0 V(u,v) €

[0, 1]2.

Next, we determine the value of Blomqvist 8 for the BB6 copula based on the parameters of
the Swedish Automobile insurance model with § = 1.59 and 6 = 2.81. Therefore, on using
the formula for Blomqvist’s 3, the lower tail and upper tail dependence coefficients can be
calculated using the same methodology that we used for the Frank copula. For the upper tail

dependence coefficient, we obtain the following;:

1—2u+1— (1—exp(—[2(—log(1 —a))"]))s

Au = lz}?ll 1—u
a lim2 25 (1 — u)’ Lexp [25 log(1 — (1 — u)?)](1 — exp [25 log(1 — (1 — w)®])s
— 2 20,

Similarly for the lower tail dependence coefficient:

A = fim L= (= exp(= (= log(1 = @) ))7
u0 "

£ lﬁl 2%(1 —u)?Lexp [2% log(1 — (1 —u)?)](1 — exp [2% log(1 — (1 — u)‘s])é*1

:O’

which have been independently obtained in Ghosh et al. (2023).
Next, we consider the conditional copula of U given V' = v and vice versa.
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- The conditional copula of U given V' = v will be

Cy (ulV =w)
oC (u,v)

ov

=il

oo (o= o) (s (1 - w))
+(~tog (1-1- U)9>)5> o

P ")

o (= (e (1= )+ (cros(1-0-0%)) ) o

- Likewise, the The conditional copula of V' given U = u will be

Cy (v|U = u)
= [1 —(1- u)e}_1
<= (—og (1- (1)) ((_ tog (1 - (1 - )’

1

+(~tog (1-(1 _v)9>>5> ;
x (1 — exp <— ((—log (1-a _u)e>>5 . 0)9))‘5>“
X exp’ <_ <(— tog (1 (1 - w)’)) + (~1og (1 - 1 —v)9)>6)6> | )

Observe that, one may use the conditional copula of U given V' = v, given in Eq. (2) and to
simulate from the propose BB6 copula as given in Eq. (1) using the following steps:

N———
N———
=
|
—

— Simulate and v; and «} from a standard uniform distribution.

- If v; <1, then solve C(u|v;) = u}.

— Repeat the previous two steps, say, n times to obtain independence and identically dis-
tributed realizations (u;,v;) , fori =1,2,--- ,n from the BB6 copula as given in Eq. (1).

A similar algorithm can be elaborated to simulate from the BB6 copula based on the conditional
copula of V' given U = u as given in Eq. (3).

Next, we consider few other useful structural properties of the BB6 copula that has not been discussed
as of yet to the best of the knowledge by the authors.
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1. Proposition 1. The BB6 copula defined in Eq. (1) is decreasing with respect to its” dependence
parameter 6, i.e., if ; < 65 then

092 (U,’U) S 091 (U,’l)) )
for all (u,v) € I? = [0,1] x [0, 1].

Proof.
Let us consider the partial derivative of Eq. (1) w.r.t. §. We have

§(1—u)? log(lfu)(f log(lf(lfu)e))(s_1 5(1—v)? log(lfv)(f log(lf(lfv)g))g_1

9C (u,v) _ - (1—u)° + 1—(1—0)”
o6 6 ((—log (1 - (1—u)")’ + (~log (1 - (1 = v)"))’)
tog ((~og (1 — (1~ w)))” + (~Tog (1 — (1~ v)"))’) }
. .

X {exp’ (- ((—log (1 (1 u)9>)5 + (— log (1 (1- 0)9))5>é> } L@

Next, observe that for § > 1, and for (u,v) € [0, 1]?,

* itis easy to see that (—log (1 — (1 — u)e))6 >0,and (—log (1— (1 - v)e))é > 0.
e Also, log (1 —u) < 0, and log (1 —v) < 0.
Therefore, the numerator in the first two terms are negative, the second term is also negative.
The third term involving exp’() is positive. Consequently, % < 0, which completes the
proof.
2. Proposition 2. The regression of U given V' = v is strictly decreasing in v.
Proof. The proof is left as an exercise to the reader.
3. Proposition 3. The BB6 copula as given in Eq. (1) is absolutely continuous. To establish the
absolute continuity of the BB6 copula, we need to show that

820 s t
st~ Cw).

Proof. Simple and thus excluded.

It must be noted that these properties can also be derived for all the bivariate copulas de-
scribed /utilized in this paper. However, for the sake of brevity, we have not considered them
all.

4.2 Bivariate ¢t Copula

The 2 dimensional unique ¢ copula (see, Embrechts et al. (2001), McNeil, and Straumann (2001) or
Fang & Fang (2002)) associated with a bivariate random vector Y = (Y7, Vo) is given by

+2

wo=[ [ TN [“yTZ&_ly]_szdyld”’
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Table 7: Dependence Structures of the BB6 Copula based on Swedish Motor insurance data.

Generator Function o(t) = (—log[l — (1 — 1)7])?
Blomqvist 3 (General) 4C(0.5,0.5) — 1
Blomgqvist 3 (Swedish Auto) 0.7397
Upper Tail Dependence(General) 2 — 230
Upper Tail (Swedish Auto) 0.8321
Lower Tail Dependence 0
Kendall’'s 7 0.73

where #5'(.) denotes the quantile function of a standard univariate #;(.) distribution. Furthermore,
¥ is the correlation matrix given by

where p is the correlation coefficient between Y7, and Y. The determinant of this matrix, denoted by
|¥| is given by |E| = 1 — p?. Next, one may verify the following regarding the dependence structure
for a bivariate ¢ copula

¢ This copula is also symmetric.
¢ Kendall’s 7 will be

T = — arcsin p,
s

for the proof, see Fang & Fang (2002).

Regarding the Spearman’s correlation coefficient, there is no analytically tractable expression
that are available. However, if p is the Spearman’s correlation coefficient, and by denoting
pt (p,v),and py (p) , as the Spearman’s correlation coefficient for the bivariate ¢-copula and the
bivariate Normal copula, one may show that:

(i) when p < 0, 7hot (p,v) > pn (p) ; (il) when p > 0, rho; (p,v) < pn (p) -

The tail dependence coefficient (associated with a bivariate ¢ copula as given earlier) A is given
by

) = o _ﬂ&-ﬁ-l}ﬂl—p}
541 T+ ) ;

where 5. is the univariate central student ¢ distribution with (6 + 1) degrees of freedom and p
is the correlation coefficient. It is important to note that a student ¢-copula may exhibit both the
positive tail-dependence although the "overall" association is negative p < 0. Furthermore, a
student t-Copula with a large value of ¢ will tend to have a 0 tail-dependence even though the
correlation is .0 The t-copula can capture the asymptotic dependence even when the variables
are negatively (inversely) associated (see, Embrechts et al. 2001). In ¢-copula formula, as ¢ in-
creases, the tail dependence weakens, and thus, the probability of occurrence of extreme values
reduces

For illustrative purposes, we provide the following picture figure below (generated through the

https:/ / copulatheque.shinyapps.io/copulas/ created by BenGraeler) shows a student t-copula with p =
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0.995 and 0 = 2 which gives the value of Kendall’s 7 = 0.87 and upper and lower tail-dependence of
A =0.87.

The estimation of a student ¢-copula is quite difficult. Noticeably, the marginal tails (for bivari-
ate and/or multivariate data distributions) of financial data are usually heavy tailed and hence this
should be fitted by a ¢-distribution and not by a Gaussian distribution. In addition, the dependence
in joint extremes of bivariate and/or multivariate financial data suggests a dependence structure
allowing for tail dependence. Consequently, the use of ¢- copulas have become popular for modeling
dependencies in financial data. Some recent applications have been: analysis of nonlinear and asym-
metric dependence in the German equity market (Sun et al., 2008); estimation of large portfolio loss
probabilities (Chan and Kroese, 2010); risk modeling for future cash flow (Pettere and Kollo, 2011).
See also Dakovic and Czado (2011). Figure 7 represents the PDF and CDF of the bivariate t-copula
with the estimated model parameters. For the CDF, there is a smooth increase from (0,0) to (1,1). The
CDF has a little more curvature at the corners, which usually indicates tail dependence. The PDF
confirms the tail dependence, as there is a spike both at (0,0) and (1,1) indicating both lower and
upper tail dependence. It should be noted that due to the limitations of our R-Package, we could
not directly graph our given parameters, our DF was equal to 2 in the t-copula we derived, and the
package we are using must have DF greater than 2. This is as close as we could get it.

4.3 Tawn Type-1 copula

Here are some useful details on the Tawn Type-1 copula.

¢ The Tawn copula is a nonexchangeable extension of the Gumbel copula with three parameters
(also known as the asymmetric logistic copula).

¢ Tawn copula’s definition is based around so-called Pickands dependence functions, see Franc
etal. (2011) for pertinent details. Eq. (4) in Franc et al. (2011) presents the way one can compute
the density in the probability space using a Pickands function M:

C (u,v) = (u, U)n(w) ,

with w = .
¢ The Pickands dependence function derives Franc et al. (2011) for pertinent details. Equation
(4) in Franc et al. (2011) presents the way one can compute the density in the probability space

using a Pickands function M:
C (u,0) = (u,0)""),

with w = %.
uv

¢ The Tawn copula’s Pickand function is

1/6

M(t) = (1= ¢h) (1= 1) + (L= ) t+ | (1 (1= 1))" + %

The CDF in Figure 8 (see, Appendix), appears to show one side rising steeper than the other,
which hints at asymmetry, a mainstay feature of Tawn type-1 copulas. Specifically, Tawn type 1
copulas model upper tail asymmetry, which can be noticed in the CDF graph’s upper right hand
region spike. The PDF shows a spike in the upper right hand corner, and a much softer presence
elsewhere, again indicating upper tail dependence. These graphs also do a good job depicting what
the Tawn type 1 models, which is the co-movements of high extreme values only.

SIS, Vol. 7 No. 1 (2025), pp. 9-38



24 1.GHOSH, C.GREENWAY, H. POWERS AND B.K. KORTAN

4.4 Frank copula

The Frank copula is the best-fitted copula for the US Term Life variables income and amount bor-
rowed on the life insurance policy. The cdf in Figure 8 shows nice curvature but no tail bias, as it
appears to be symmetric across the diagonal. This indicates a moderate to strong overall dependence
between the studied variables, but no tail dependence. The PDF in Figure 8 shows a crater-like
structure, where it peaks in the center, meaning it assigns higher density to the mid-ranges of the
variables” dependence, but is lighter in the co-extremes in the lower left or upper-right corners.

4.5 Survival Gumbel Copula

First, it would be nice to have the basic preliminaries related to a bivariate survival copula. We begin
by stating the Sklar’s theorem for survival functions:

Let S (t1,t2) be a bivariate distribution with marginal survivor functions defined by S;(¢;) and
Sa(t2). Then, there exists a bivariate copula C such that for all (¢1,t;) € R?

S (t1,ta) = C (S1(t1), S2(t2)) .

The survival copula C couples the joint survival function to its” univariate marginals in a manner
completely analogous to the way a copula connects the joint distribution function to its marginals.
There exists a link between the survival copula C' and the copula C. In the bivariate case, it is

C(ul,UQ)ZU1+U2—1+C(1—U1,1—UQ).

It should be pointed out that the survival copula is also a copula, i.e. C (u,v) is also a proper
distribution function on [0, 1] x [0, 1]. It is well known that many dependence properties of a bivariate
distribution are copula properties, and therefore, can be obtained by studying the corresponding
copula. These properties, however, do not depend on the marginals.

Table 8: Dependence Structures of the Frank Copula.

Generator Function o(t) = — 1oga(°‘;i’11)
Blomgqvist 5 (General) 8 =4log,[1+ %} -1
Blomgvist 8 (US Term Life) -0.264
Upper Tail Dependence (General) 0
Lower Tail Dependence (General) 0
Kendall’s 7 (US Term Life) 0.17

Next, we discuss some useful structural properties of the bivariate Frank copula.

¢ The Frank copula is an important Archimedean copula. Archimedean copulas are commuta-
tive, meaning that the order of the variables does not change the nature of the copula. The
Frank copula is asymptotically independent in both directions. This means that it will have
upper and lower tail dependence 0 in all cases.

e Its generator function is
a~t—1
—loga(il), fora > 0,a # 1.
o —
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¢ The copula is defined as

(a* —1)(a” = 1)
a—1

C(u,v) =log,[1 + ], for a > 0.

e [ts Kendall’s 7 is

3log(a)(—21log(1 — ) + log(a) + 2) — 6 Lis(r) + 72
6log?(a)

T=A4] J-1,

¢ The conditional copula of U given V' = v will be

(a*—1)a”
(o= 1) (=200 1)

Cr(ulV =v) = (5)

Likewise, the conditional copula of V' given U = u will be

a'(a¥ —1)
o (B )

a—1

Cy(v|U =u) = (6)

* The conditional mean and variance of V' given U = u will be

EV|U = 4]
= (21og*(a))
X [— 9Lis <O‘U - 1) + 2Lis <O‘(fj‘_1)> — 2log(a)Lis (O‘é‘w_;l)) + log2(a)

aV — « aV — «

X <10g (a¥) — log <m>> } (7)

Var [V|U = u]
-t o (=2) - (S52) st (2)
+ 6log()Lis (M) +log® () <log () —log (_(oz—l)oz”)) }

— (410g%(a)) ™" [ <—2Li3 <2‘U — ;) + 2Li3 <OM> :;;a)m (04(04”_—1))
+log?(a) <log (a¥) — log <_(0‘—1)0‘”>>2} ©

o'’ — «

Next, we define the following two propositions for the bivariate Frank copula.

Proposition 1. The bivariate Frank copula is subharmonic for 0 < a < 1.

Proof. Let us consider the following:
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02Cy (u,v)  0%Cy (u,0)
2 _ a ; o )
ViCa(u,v) = ou? + Ov?
_log(a) (@ 1) (a" —a)a” log(a)a” (@” —1) (o’ — )
(a — a* + autv — a”)2 (a — a% + qutv — a”)2
IOg(Oé) (au+1 _ 2au+v _ 2au+v+1 + a2u+v + au+2v + aerl)

= . 9
(a — at + autv — qv)? ®)
From Eq. (9), it appears that for all choices of (u,v) € [0,1] x[0,1] and for 0 < a < 1, V2C, (u,v) >
0. This completes the proof.

Proposition 2. The bivariate Frank copula is absolutely continuous.
Proof. Simple and thus excluded.

Proposition 3. The bivariate Frank copula is symmetric.
Proof. It is easy to observe that for the Frank copula, C (u,v) = C (v, u) which implies the result.

Figure 9 represents the pdf and the cdf of a bivariate Frank copula with the estimated parameter
value for the Income and BorrowCVLife poi. Figure 9 exhibits nice curvature but no tail bias, as it
appears to be symmetric across the diagonal. This indicates a moderate overall dependence between
the studied variables, but no tail dependence. The PDF in Figure 9 shows a crater-like structure,
where it peaks in the center, meaning it assigns higher density to the mid-ranges of the variables’
dependence, but is lighter in the co-extremes in the lower left or upper-right corners. Figure 10,
however, highlights the importance of running multiple tests. As we can see, the ranked numerical
data makes the scatterplot just be horizontal lines, so more analysis is needed other than the scatter
plot, as we can draw no real conclusions from it. Figure 11’s contour plot, shows roughly elliptical
contours that are centered around the origin, which is a hallmark of weak/moderate dependence.
The inner contours represent the highest area of density, which aligns with our scatter plot, Figure
10. The contours are not skewed, which confirms the symmetry in our data. Since it is also rounded
and there are no corners formed, this confirms joint co-extremes are not likely, and more moderate
values are going to move jointly.

4.6 Survival Gumbel Copula

The best-fitted copula of the Medicare data was the Survival Gumbel copula. The Survival Gumbel
copula is the Gumbel copula under the survival transformation. Whereas the Gumbel copula is
useful for strong upper tail dependence, this transformation rotates the copula so that lower tail
dependence is strong instead. Looking below at the scatter, contour, PDF and CDF plots, which can
be found in Figures 12, 13 and 14, respectively. Figure 12’s scatterplot has a nearly perfect diagonal
pattern, suggesting a very strong and monotonic dependence relationship. The relationship is also
very symmetric, and shows very strong co-movement: as CONV_CHG increases, so does TOT_D.
In Figure 13, the contours are thin and very narrow along the 45 degree line, which is textbook near
perfect dependence. The density is very tightly concentrated along the diagonal, indicating very
high correlation. There is no sign of tail dependence and the contours are symmetrically distributed
along the diagonal, ruling out asymmetry. In Figure 14, the surface of the CDF of Figure 10 shows a
sharp increase towards the lower left corner (0,0). That sharp slope indicates concentration in mass
in the lower tail, meaning that both variables tend to be small together. Note that the regular Gumbel
CDF tends to show more mass concentration in the upper right, meaning that both variables tend to
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be larger together. The PDF also reinforces this assertion, as there is a steep spike in the bottom left
corner, showing that the co-extremes are more closely associated in the lower tail.

[htp]

Table 9: Dependence Structures of the Survival Gumbel Copula for the Medicare Cost dataset.

Generator Function é(t) = (—logt)?
Blomgqvist 3 (General) $8 =4C(0.5,0.5) — 1
Blomgqvist 8 (Medicare) 0.79
Upper Tail Dependence (General) 0
Lower Tail Dependence (General) 2 —21/0
Lower Tail Dependence (Medicare) 0.88
Kendall’s 7 (Medicare) 0.84

¢ The usual Gumbel copula has the generator function
Y(t) = (—logt)?,0 > 1.
¢ The Gumbel copula is then
Ciumbel (1, v) = exp[—((—log(w))” + (~log(v))")"/’].
¢ The Survival Gumbel copula is defined as
C(u,v) = u+v— 1+ exp[—((—log(1 — u))? + (= log(1 — v))*)"/*]

e Jts Kendall’s 7 is then

_ to) 1
7_1+4/0 Jat=1"5

¢ The lower tail dependence of the Survival Gumbel copula is equivalent to the upper tail depen-
dence of the Gumbel copula:

Ap = AGumbel _ 1= 20 Clun)
ull 1—u

_ lim 1 — 2u + exp(—2(—log u)?) —9_9ol/f
utl 1—u

on applying L'Hopital’s rule.

5 Conclusion

The best fitted bivariate copulas in all the cases that we have studied, the Kendall’s 7 ranges from 0.17
to 0.87; and the Spearman’s p ranges from from 0.21 to 0.97. The log-likelihoods, or model fitness,
range from 11.21 to 3566.65. One of the possible reason(s) for the varying dependence and fitness
is the use of ranked data. Copulas are valid for these types of data but tell a less interesting story
when few ranks are available. In the code, we used the pseudo-observation function to approximate
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the probability integral transform discussed in the introduction. This is most powerful when there
are many ranks to analyze: when ranks are dense enough to be approximately continuous. For data
with few ranks, copulas have less fit and seem to have less dependence.

In the Swedish Motor Insurance data, we see strong fit and dependence, particularly for Claims
to Payments. Insured to Payments has high dependence and log-likelihood. This suggests copula
modeling has value for this data. Inspecting the data, we have numerical values for Claims, Payments,
and Insured. This gives significant evidence for the algorithm to select the best-fitted copula. The
resulting copulas then showed high dependence.

The Medicare Cost provided a strong dependence from Charges to Number of Stays. This is an
example of strong dependence that has little dependence at one tail. Specifically, the Survival Gumbel
copula was the best-fitted. This copula has no dependence in the upper tail. This indicates that high
charges to Medicare and high number of hospital stays do not have a particular dependence besides
random chance.

In the US Term Life data, we see weaker dependence and fit, particularly for Income to Borrow CV
Life. Upon inspection, Income is numerical, although clearly rounded compared to what you would
expect for such data. Face is either rounded or companies require round values for the face value of
the life insurance. Borrow CV Life is ranked from 0-5 by the amount borrowed from the policy. These
create issues of fitness. This illustrates the importance of detailed data for copula modeling.

If the US Term Life data had more granularity, we may recover a better fit copula than the Tawn
Type-1 and Frank copulas. This asserts that insights from the copulas generated require more care or
more data.

We provide useful results of copula modeling for three major insurance institutions. Swedish
Motor Insurance data exhibits strong dependence in the variables chosen. Medicare data does as
well, with independence of large charges and numbers of stays. US Term Life suffers from con-
straints of granularity for copula modeling and could be studied further with more granular data.
For the Swedish Motor and Medicare data, these considerations could be useful for pricing and risk
mitigation.
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Appendix
Appendix A

.0On the R Package: Vine Copula

Here, we provide a generic R-code based on the Vine Copula package which is used in the main
body of the text for selecting the best possible bivariate copula for the four different insurance
datasets:

install.packages ("copula")
library ("copula")
m<-pobs (a)
n<-pobs (b)
install.packages ("VineCopula™")
library ("VineCopula")
selectedCopula<-BiCopSelect (m,n, familyset=NA)
summary (selectedCopula)

¢ Remark 1 In the above code, a and b are the transformed (on a log (to the base e) scale) variable
values corresponding to two components of the associated bivariate data.

* Remark 2 The best-fitted bivariate copulas mentioned here do not possess a closed form of
expression in terms of their density function (i.e., the p.d.f.). However, in order to obtain the
p-d.f. of each of these copulas, one may use R. Next, we provide an example as to how one can
simulate from the p.d.f. of a Survival BB1 copula with specific parameter choices in R.

Simulate from a bivariate BB6 copula:

install.packages ("VineCopula")
library ("VineCopula")
BB6<-BiCop( family = 8 , par =0.25 , par2 = 0.75)
sim<-BiCopSim( 10000, BB6) .

Appendix B
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Figure 1: Scatter plot of Claims & Payment.

0.0 oz o4 o.se o.s8

Insured
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Figure 3: Contour plots of Claims & Payment (right panel) and Insured and Payment (left panel).

Figure 4: BB6 copula cdf and pdf with parameter values (1.59, 2.81) for Insured and Payment.
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Figure 5: Scatter plot of Income & Face.

Figure 6: Contour plot of Income & Face.
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Figure 7: Student ¢t-copula pdf and cdf with parameter values (0.98, 2) for Claims and Payment.

Figure 8: Tawn Type 1 Copula PDF and CDF with parameter values (1.84) and (0.49) for Income and
Face.

Figure 9: Frank Copula PDF and CDF with parameter value (1.59) for Income and BorrowCVLifePol.
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Figure 11: Frank Copula Contour plot with parameter value (1.59) for Income and BorrowCVLifePol.
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Abstract: This article considers the dynamics of Spanish literacy in the period 1860-1910, character-
ized by local councils’ responsibility of public elementary education. To this end, it is built a harmo-
nized series of the literacy of the population aged ten or over, disaggregated by sex and province.
Marked spatial differences and a very large gender gap can be observed. Five clusters are deter-
mined according to the male literacy rates of the provinces in 1860; these clusters prove to have
explanatory power all along the period and for both sexes. A parsimonious statistical model of the
evolution of male literacy during the period, introducing linguistic variables, shows a considerable
temporal stability of the spatial distribution of male literacy. The model of the evolution of female
literacy presents similarities with that of male literacy, although now the initial state (in 1860) is not
described by female literacy, but yet by male literacy. All in all, the evolution of literacy in Spain
between 1860 and 1910 did not follow the spatial pattern of the economic modernization process.
Besides, there was no correlation between birth rates and literacy rates of children, for both sexes,
and the same can be said of the correlation between urbanization and literacy. Considering the West
European context, the Spanish literacy process during the period 1860-1910 was a failure, except for
the geographical area of the top cluster.
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1 Introduction

Human capital is a fundamental determinant of long-term economic and human development
(Hanushek and Woessmann, 2010). In this sense, female illiteracy is a particular obstacle to economic
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progress'. Sandberg (1982) argued that literacy rates, as a variable capturing the stock of human
capital of the population, anticipate future increases in per-capita income. In general, all Western
countries, except for Britain?, greatly improved their literacy rates during the early stages of modern
economic growth. In principle, industrialization requires previous physical and, above all, human
capital (as Galor’s unified growth theory points out®), and a fast accumulation of them. Literacy
allows the accumulation of information.

We consider herein the dynamics of literacy in Spain during the period between mid-nineteenth
century and the First World War. From 1860 the Spanish censuses report reliable literacy data. The
first aim of the article is to build a harmonized series of the literacy of the population aged ten or
over, disaggregated by sex and province (NUTS-3 level)*, for the period 1860-1910. Vilanova Ribas
and Moreno Julia (1992) compiled a harmonized series from 1887, but before 1887 the literacy data
provided by the censuses are not broken down by age. In fact, for the period 1887-1910, we make use
also of the censual literacy data not only disaggregated by sex and province, but also by age intervals.

This paper deals with the evolution of literacy between 1860 and 1910. Apart from the understand-
ing that it provides per se, disaggregation by sex turns out to be a useful tool to study the dynamics
of the literacy process during the period.

Not all historical data are of equal quality. Census data are usually the best when available and we
have favoured them. For example, census data on the sectoral distribution of the labour force are the
best available indicators of economic modernisation for the period under consideration. Exploratory
data analysis allows for the consideration of variables that present problems of collinearity with other
variables or whose available data are of inferior quality.

The period 1860-1910 is characterized by institutional factors that impinge on the funding of pub-
lic elementary education. The comprehensive Public Instruction Law (1857) (known as Moyano Law
after the incumbent minister), valid throughout this span of time, declared primary education com-
pulsory (at least in theory) for all children between the ages of six and nine, and also free in public
schools for the certified poor. The financing of public elementary education was left to municipali-
ties. On the other hand, the desamortizacion of 1855 had confiscated the assets of (generally Catholic)
educational foundations of all kinds® and most of the land belonging to the municipalities (until then
a major source of the income of local councils). Near the end of the period, in 1901, the (central) state
assumed the direct payment of teachers’ salaries (although taking a percentage of municipal taxes
in exchange), and in 1909 compulsory education was extended to the ages between six and twelve.
Until 1910, the funding of public elementary education fell fully on the shoulders of municipalities®.

!See Bowman and Anderson (1963), Nufiez (1992, 2003a) and Sarasta (2002, 2019).

2A paradox appears in the English case. Although there is no complete consensus on the level of English literacy rates
before and during the early industrial revolution, it seems that they improved substantially between 1642 and 1750, and
then stagnated until 1815-1830, especially in industrial centres. This evolution led many researchers to assume the hypoth-
esis that education was not an essential requirement for modernization. All the same, that stagnation was a consequence
of the industrialization process itself, which initially needed unskilled labour (also regrettably including children, making
higher the opportunity cost of attending school), and of the intense urbanization process, which was not accompanied by
a similar increase in the educational supply. Once this first phase of industrialization had been overcome, the need for a
more qualified workforce and the extension of the franchise meant that from 1840 the literacy process became widespread
in England (see West (1978); Schofield (1973); Mitch (1993, 2013); Pleijt et al. (2020)).

3Galor (2011)

*The 1887 census is the only one providing literacy data by age at a higher level of disaggregation, that of judicial
districts (partidos judiciales).

SThese were assets that had survived the desamortizaciones of 1836-1837 and 1841, which affected the properties of the
Catholic Church.

®See Terrén Bariuelos (1997).
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Only from that year public primary education was made free for all, and the state began to contribute
to the financing of primary education”.

The Moyano Law must be seen in the context of the laws which organised the alphabetization
process in most Western European countries: the state establishes a national system of universal
elementary education, imposing on local authorities the obligation to create and maintain schools.
Financing is essentially dependent on local authorities and on the fees paid by parents?, although it
is free for the poor. The differences between countries lie in the time of commencement of the process
and the extent to which the legal provisions were actually implemented.

C.E. Nufez’ has carried out relevant studies on literacy and education in Spain, showing that,
although Spanish literacy rates performed poorly at the national level in the period 1860-1910, large
regional differences can be observed. According to Nufiez, the northern half of the country, except
for Galicia, was more literate than the south-eastern Mediterranean coast, and some areas had in
1860 male literacy rates similar to those of the most advanced countries of Europe, whereas others
displayed levels among the lowest in Western Europe. Fifty years later, even when male literacy rates
had improved, the differences between provinces persisted. For their part, female literacy rates were
low and much more homogeneous in 1860, which entailed a high gender differential overall, much
higher in the more literate areas.

The spatial distribution of Spanish literacy reflected by the censuses, in which the highest levels of
literacy correspond to rural areas of the northern plateau, has led to attempts at explanation. Beltran
Tapia and Martinez-Galarraga (2018) builds a formal model in which the ratio of day labourers to
the total agricultural population turns out to be significant to explain literacy. On the other hand,
Reher (2023) stresses the existence of important regional differences in the perceived value of literacy
and education and argues that these cleavages go beyond the importance of economic structures and
have deep historical roots.

Beltran Tapia et al. (2021) studies the spatial convergence of literacy in Spain with data disag-
gregated by municipality, showing a positive correlation between the (global) literacy rates in 1860
and the change in the literacy rates between 1860 and 1900, and a negative correlation between the
literacy rates in 1900 and the change in the literacy rates between 1900 and 1930.

We focus here on the evolution of literacy in the period 1860-1910. As for any analysis of the
dynamics of a system, an essential point is how much the initial state explains the final state. Five
clusters are determined according to the similarity measure naturally provided by the male literacy
rates of the provinces in 1860 (see Section 4). The resulting clusters turn out to be spatially contiguous
to a high degree.

The study of the evolution of literacy is facilitated by considering its age structure (available after
1887), as low literacy rates in 1860 may obscure the literacy effort if only “biologically linked” literacy
rates are used in later years. Two literacy rates may have a biological link, in so far as they share part
of their underlying populations. For example, the male rate (for men 10 years old and over) in 1900
has a biological link with the same rate in 1910, because the men 10 years old and over in 1900 still
surviving in 1910 are part of the men 10 years and over in 1910. In contrast, the male rate in 1900
has no biological link with the male rate for boys (between 11 and 15 years old) in 1910. Assuming
that the acquisition of literacy for those older than a certain age becomes increasingly unlikely, a very

"Centralization in primary school systems fostered eventually literacy in Latin European countries like Portugal (see
Reis (1993); Nunes (2003); Gomes and Machado (2020)), Italy (see Zamagni (1993) and Cappelli and Vasta (2020)) and Spain
(see Nuriez (1992)).

8Fees were eliminated later: in 1881 in France, in 1889 in Prussia and from 1910 in Spain. The Casati Law of Italy (1859)
established full gratuity (for the first two years of education) upon its enactment.

‘Nufiez (1992, 1993a, 1997, 2003a,b, 2010).
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low literacy rate in some year holds back the biologically linked literacy rates in later years (this is
particularly the case with female rates).

The clusters considered above prove to have explanatory power all along the period and for both
sexes. The 6 provinces of the first cluster, the “Castilian core”, had surpassed the threshold of 75%
male literacy in the 1870s, and still headed the list in 1910. All the 12 provinces of the fifth cluster,
“South and East”, were among the bottom 14 provinces by male literacy in 1910, with values between
30% and 45%. The statistical results show a considerable temporal stability of the spatial distribution
of male literacy. We obtain a rather parsimonious model of the evolution of male literacy during the
period, with coefficient of determination round 90% and only three regressors: the initial state (in
1860) and two linguistic variables. There is no influence of economic modernization: the proportion
of the male active population working in agriculture, or the same proportion of those working in
industry, turn out to be non-significant.

The harmonized literacy series for the period 1860-1910 facilitates especially the analysis of the
female literacy development. The overall female rate in 1860 was low enough, 11.2%, in contrast
with the certainly lacklustre male rate, 38.9%. Unlike male literacy, there is no clear spatial pattern
of female literacy in 1860. Generally speaking, the main feature of the dynamics of female literacy
in the period is that the greatest increase in female literacy did not occur in the most economically
developed or urbanized areas, but rather in those provinces that in 1860 had the highest levels of
male literacy'®. In fact, the female literacy of 1910 is predicted quite well by the male literacy of
tifty years before. The resulting model of the evolution of female literacy during the period presents
similarities with that of male literacy, although now the initial state (in 1860) is not described by
female literacy, but yet by male literacy. Indeed, female literacy in 1860 turns out to be non-significant
for the evolution of female literacy in the period 1860-1910.

The evolution of literacy in Spain between 1860 and 1910 did not follow the spatial pattern of
the economic modernization process, as it is usually the case!l. On another note, birth rates and
urbanization are two issues impinging on the financial constraints of parents and local councils, the
essential funders of elementary education during the period. In this sense, there was no correlation
between birth rates and literacy rates of children, for both sexes, and the same can be said of the
correlation between urbanization and literacy (data of 1910). Certainly, the Moyano Law allowed
small villages to maintain mixed-sex schools and opt for less paid (and qualified) teachers. But,
ultimately, the list of per capita investors in public primary education was headed by rural provinces
with high literacy (data of 1908).

All in all, the Spanish literacy process during the period 1860-1910 was a failure. If we consider
eight West European countries able and willing to provide reliable censual literacy data during the
19th century, Spain had the fifth literacy level and the widest gender gap at the beginning of the
period, and the eighth literacy level and still the widest gender gap at the end. Certainly, there were
drastic regional differences, and, by 1910, literacy was almost universal among girls in the Castilian
core, while only around one quarter of girls were literate in the South and East cluster.

The article is organized as follows. Section 2 examines the level of Spanish literacy in the period
1860-1910 within the European context. Section 3 deals with the methodology used to build a har-
monized series of the literacy of the population aged ten or over; the series is provided in Appendix
1. Section 4 and Section 5 present the evolution of male and female literacy, respectively, and discuss

10See Nufiez (1992) p.122: “the progress [of female literacy] was more intense where male literacy was more widespread”.
Cf. also Beltran Tapia et al. (2021) (footnote 43): “female literacy grew rapidly in municipalities where male literacy was
already high”.

Gee Smith (1976. Book I-Chapter 10), Hanushek and Woessmann (2010) and Sandberg (1982). On the other hand, see
Reher (1997).
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the link between female literacy at the end of the period and male literacy 50 years earlier. Section 6
concludes.

2 The European context

Literacy concerns primarily communication. An individual who can communicate with another by
means of written language is regarded as a “literate” person, and one who does not possess this
ability is considered an “illiterate” (see UNESCO (1957)). Thus, literacy comprises both reading and
writing!2.

In order to estimate the literacy level of a population, we face considerable problems, conceptual
and practical, especially when we go back in time'?. The advent of modern censuses in the mid-19th
century opened new possibilities for the measurement of literacy. In modern censuses data were
obtained on all individuals present in the household on the specified census day. Information was
self-reported by the household heads through household forms (later individual forms). A field force
of professional enumerators was employed to assist in the process from house to house (especially if
there was no one in the house who could write) and collect the forms!4.

All modern censuses had a similar basic methodology, and thus comparisons between countries
are made easier!®. It must be considered when the data refer to literacy (ability to read and write)
or semi-literacy (ability to read). We shall refer here to literacy data in Western Europe. Sometimes
the first censuses gave literacy data without distinguishing ages, setting or not setting a minimum
age to obtain the data (4, 5 or 6 years); in these cases, obtaining a true literacy rate (from 10, 11, 12 or
15 years old) requires estimation work (which can be quite precise if the necessary auxiliary data are
available, as it is usually the case).

The first (modern) census in Western Europe with literacy data is that of Ireland in 1841. Then we
have the censuses of Spain (1860), Italy (1861), Belgium (1866) and France (1866). More censuses are
added later, carried out in tune with the political borders of their time. Some European countries have
never included questions on literacy in their censuses (e.g., the United Kingdom (except Ireland) and
Denmark), or have done so very late (e.g., Sweden, in 1930).

Taking into account the political entities in Western Europe where censual literacy data are avail-
able already in the nineteenth century (Ireland, Spain, Italy, Belgium, France, Prussia, Cisleithania'®
and Finland), there are three countries where the literacy rate had not reached the 75% level before

The modern UNESCO proposed definition reads: “A person is considered literate, who can both read with understand-
ing and write a short simple statement on his everyday life” (see UNESCO (1957); the proposal was made by a committee
in 1951).

B3 As for the pre-statistical age, the main tool of analysis is considering who could sign and who could not sign in
documents (such as marriage certificates, deeds, wills, etc.), and even the quality of the signatures. Apart from the issue
of how representative of the population is the sample in each case, the ability of an individual to write his/her name does
not entail, in principle, a general ability to read or write, although there can be statistical correlations (see Furet and Sachs
(1974)).

4See Baffour et al. (2013) about modern censuses and their evolution.

135Gee UNESCO (1953) about problems arising in censual literacy data. Besides, when literacy is self-reported there are
attendant issues of possible upward bias. A test was implemented in 1864 to check the accuracy of the literacy self-report
of the conscripts in France, with the result that their statements were highly reliable (see Furet and Ozouf (1977)).

“The term “Cisleithania” denotes the northern and western part of Austria-Hungary, containing Austria proper,
present-day Czechia and other crown lands ("Kronldnder”). After the Compromise (”Ausgleich”) of 1867, the Austrian
Empire was transformed into the dual monarchy of Austria-Hungary, constituted by two parts, with their respective par-
liaments and governments: Cisleithania (the Austrian part) and Transleithania (lands of the ”Archiregnum Hungaricum”).
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the First World War: Spain, Italy17 and Finland?®. In fact, the 75% threshold was reached in the three
of them by the 1930-1940 interval, beyond the time span considered in this paper.

A comparative picture of the literacy processes in Western Europe on the eve of and during the
Second Industrial Revolution is provided in Gutiérrez (2024), taking censual literacy rates as a yard-
stick to measure and compare literacy in different countries!®. If only partial or insufficient censual
data are available, literacy is assessed as if given by full censual data. A set of comparable (as far as
possible) literacy data is built. The non-Spanish data in this section are in that paper or directly taken
from the censuses referenced there.

It is worth highlighting the large gender gap in Spanish literacy rates. At the beginning of the
period, in 1860, it is 27.7 points in Spain, while it is 15 points in Ireland (1861), 16.4 in Italy (1861),
7.5 in Belgium (1866) and 11.4 in France (1866). At the end of the period, in 1910, the gender gap is
still 19 points in Spain, to be compared with 1.0 in Ireland (1911) or 3.4 in Belgium, but 12.4 in Italy
(estimation, see Table 1 below).

On the other hand, Spain lost ground to Italy and Finland during the period 1860-1910. Table 1
focuses on the literacy rates of Spain, Italy and Finland. For each country and census, three percent-
ages of literacy are stated: for men and women, separated by a hyphen, and the overall percentage
(marked bold) in the bottom row. The minimum age limits are indicated in brackets under the name
of every country (the figures from the 1861 census in Italy are for the population aged 12 or over, and
those from the 1881, 1901 and 1911 censuses for the population aged 10 or over; data from the 1880
census in Finland are for the population aged 10 or over, and those from the 1900 and 1910 censuses
for the population aged 15 or over). The dates of the censuses have been made homogeneous by lin-
ear interpolation. The problem arises that in Italy there are no data on literacy after 1881, but only on
semi-literacy. In the table, a crude estimate (written in italics) of the Italian literacy rates in 1900 and
1910 has been given, subtracting from the (interpolated) Italian census percentages of semi-literates
(out of the population aged 10 or more) the estimates of the percentages of those individuals able
only to read (but not to write), assuming that the latter percentages are equal to those of Spain in the
same year. These estimates are accurate for the purpose of the comparison between Spain and Italy
(using them is equivalent to considering semi-literacy rates in both countries), but they are not so
accurate beyond this comparison?.

At the beginning of the period?!, Spain had the highest literacy level of the three countries. At
the end of the period, it had the lowest. The comparison with Italy is particularly relevant (in the

17Spain and Italy were in this period predominantly agricultural economies and followed a Latin pattern of modernization
(Tortella (1994), p. 5): relative backwardness in the nineteenth century and recovery in the twentieth century.

¥Note that Finland followed the Swedish model (based on home instruction of the ability to read known texts: a set
of selected religious texts, emphasizing submission to authority), with high restricted semi-literacy and low literacy until
modern school systems were introduced. See Johansson (1977) and Tveit (1991).

“There is a typo in Table 1 (p. 43), in the last row of the “Slovenia” column: it says 88.5 and should read 81.5.

“The percentage of semi-illiterates (people who can read but not write) was small in Italy (in 1861 it was 3.9% for men,
5.5% for women and 4.7% overall, and in 1881 it was 1.2% for men, 3.4% for women and 2.3% overall) and in Spain (in
1887 it was 2.2% for men, 4.5% for women and 3.4% overall, and in 1910 it was 1.0% for men, 2.3% for women and 1.7%
overall (Vilanova Ribas and Moreno Julia, 1992).

ZPrior to 1860, there are no safe data on literacy in Spain, but research based on the counting of signatures in various
sources and regions (see Bennassar (1985), Rodriguez and Bennassar (1978) and Larquié (1981)) seems to show that the
literacy level in Spain was similar to that in France during much of the Old Regime. At any rate, after the Spanish War of
Independence against Napoleon (1808-1814), arguably the bloodiest event in Spain’s modern history, it is clear that Spanish
literacy entered a period of relative decline.
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case of Finland it must be considered that in 1880 almost the whole Finnish population had at least

restricted semi-literacy®?).
Spain Italy Finland
(>10) | (212,>10) | (>10,> 15)
39.2-11.6 30.4-14.0
1861 25.1 22.17
44.9-19.4 44.8-26.8 16.2-10.2
1880 31.7 35.8 13.1
52.7-30.5 56.1-41.1 41.1-36.5
1900 41.2 48.4 38.8
1910 57.6-38.6 66.4-54.0 57.4-53.3
47.7 60.0 55.3

Table 1: Literacy rates in Spain, Italy and Finland.

However, as we shall see, in a predominantly rural area corresponding approximately to the
original Castile, the threshold of 75% in the male literacy rate had been reached already in the interval
1871-1880 (in the 1877 census), whereas in a fifth of Spanish provinces it was less than 30%. At any
rate, low female literacy was a burden spread throughout the country, to a greater or lesser degree,
which meant that the literacy gender gap was very large (particularly in the most literate provinces),
even when compared to Italy.

It is worth considering the internal spatial differences in literacy levels of other countries around
1870.

The most literate areas of France in 1866 were, apart from Paris and its surroundings, the north-
eastern part of the country: Alsace, Lorraine, Franche-Comté and Champagne, with literacy levels
above 75%. There was a gulf with the least literate areas, located in the eastern Pyrenees, much of
Brittany and a strip in central France covering Perigord, Berry, Bourbonnais and the east of Limousin;
in all of them, the percentage of literates did not reach a third of the population in 1866.

In Italy (1871 census, semi-literacy rates for the population aged 6 or over) literacy decreased
from north to south, with the highest values in Piedmont (66.3% for males and 49.2% for females)
and Lombardy (59.3% for males and 50.3% for females), and very low values in the south, with the
smallest values in Basilicata (19.1% for males and 5.3% for females) and Calabria (20.9% for males
and 5.3% for females)?.

Despite the high literacy of Prussia already in 1871, a swathe of land along the far east of the
country (Prussia proper, Posen and Upper Silesia) had literacy rates below 75%, with a minimum of
57.1% in Bromberg. This area corresponded to the districts with a sizeable Polish-speaking minority
(Prussia proper) or a Polish-speaking majority (Posen and Upper Silesia). The rest of the country had
literacy rates above approximately 90%, except for part of Pomerania (83.3% in Koslin and 84.1% in
Stralsund). The highest values were in Berlin (97.4%) and the rural district of Sigmaringen (97.2%).

Unlike France and Prussia, in Italy there were still intense spatial differences at the end of the
period (1911 census, semi-literacy rates for the population aged 6 or over): in Piedmont the literacy
rates were 90.9% for males and 87.2% for females, whereas in Calabria they were 40.5% for males
and 21.9% for females.

22Semi-literacy was high in Finland: in 1880 it was 81.0% for males, 87.6% for females and 84.4% overall, and in 1910 it
was 41.3% for males, 45.7% for females and 43.6% overall (Myllyntaus, 1990). These Finnish figures should be understood
in the sense of restricted semi-literacy (see the footnote above), as Finland followed the Swedish model.

BSee Noble (1965) (p. 300).
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3 Censuses and literacy rates

The first aim of this paper is to provide a census-based time series from 1860 to 1910 of the Span-
ish literacy rates, disaggregated by sex and province, for the population 10 years old and over (see
Appendix 1)%.

There are five “complete censuses” with literacy data in the period: 1860, 1877, 1887, 1900 and
1910 (the “incomplete censuses” of 1857 and 1897 are not relevant here)?. From 1887 onwards com-
bined data of literacy and age appear in the censuses; in 1860 and 1877 these two kinds of information
are given separately. There are 49 provinces in Spain throughout the period?®. The city of Ceuta is al-
ways included in the province of Cadiz?, and the city of Melilla is grouped with other small “plazas
de soberania” and is treated for census purposes as one more province, with which 50 divisions
appear in the censuses. Colonial data are not considered in this paper.

Both the de facto population and the de jure population (usually resident population) are provided in
all censuses (except in 1860, where only the de facto population is given). Literacy figures are taken
from the de facto population. The number of individuals unspecified for literacy is also provided in
all censuses (except in 1860), and it is always low (0.04% over the population aged 10 or over in 1877,
0.1% in 1887, 0.1% in 1900, 0.3% in 1910).

We have not excluded from the population those individuals unspecified for literacy when calcu-
lating the literacy rates (which is equivalent to considering them illiterate). Obviously, these literacy
rates are lower than when individuals unspecified for literacy are excluded from the reference popu-
lation (as it is done most frequently).

Now we set up some notation. Let us consider a certain group of people (Spain, a province, the
women of that province, etc.), which is clear from the context. P is the population aged 10 or over
in this group, and A is the literate population aged 10 or over. In general, P}, is the population aged
k or over and Ay, is the literate population aged k or over. We now define 7}, = %:, the literacy rate
of individuals aged k or over. Similarly, P;_15 is the population aged 11-15 (inclusive) and A11_15
is the literate population aged 11-15. In general, P,,_, is the population between m and n years
(inclusive) and A,,—, has the obvious meaning. The literacy rate for individuals aged between m
and n (inclusive) is T,, ., = %.

Our purpose is to obtain 77, for each province, for men and women, in the 1860, 1877, 1887, 1900
and 1910 censuses. Also, the child literacy rates 77;_15 in the 1887, 1900 and 1910 censuses are to be
calculated.

The values of Pig, Pi1-15, A1p and Aj1—15 can be found immediately, for each province, for both
men and women, in the 1887, 1900 and 1910 censuses, and thus 779 and 7}1_15 can be calculated for
these censuses. The rest of this section provides an exposition of how we estimate the value of T3¢
(through the values of Pjp and A;¢) in the 1860 and 1877 censuses, in each province, for men and for
women.

In the 1877 census we can calculate Pj( directly. On the other hand, in the 1860 census the only
relevant values given are Py, Py—5 and Fs_19. We estimate Po_19 (and, from there, Pjo) by calculating

*Individuals who do not state their level of literacy are considered illiterate in this paper.

BGee Melon (1951), Cusidé i Vallverdd and Gil-Alonso (2012), for comparative analyses of the Spanish censuses of the
period.

*This geographical division has remained stable since its creation in 1833 until 1927, when the Canary Islands split into
two provinces, Las Palmas and Santa Cruz de Tenerife, and has remained so until today. We shall use the official names of the
provinces (as appearing in the censuses of the period) throughout.

“Tn the 1887 census the literacy data of Ceuta are not even provided separately and are subsumed into those of the
judicial district (partido judicial) of Algeciras.
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the coefficient % from the 1877 census and using it as an estimate of the same coefficient in the
1860 census.
What is left is to estimate Ao in 1860 and 1877, in each province, for men and for women (as for
Ao—9

literacy data, only Ay is provided in these censuses). In order to do this, if we write Tj_o = 5=, it

suffices to estimate 7;;_,. Setting Ty = %2 (a value known in 1860 and 1877), we now propose the
simple regression model (SRM), separately for men and women:

T)_g=Po+ B1T¢ + ¢

where the variables run through the values of the provinces. The first census in which the values of
T} _q are known is that of 1887. We now estimate the values of the parameters 3, and ; with the data
from 1887, intending to use them thereafter to “predict backwards” the values of T||_4 in 1860 and
1877%. The results are:

e Men: By = —0.1039, 81 = 0.6848, with R? = 0.8312
e Women: By = —0.0364, 51 = 0.7796, with R? = 0.8487

We have now a strictly increasing functional relation. In order to assess the “backwards predic-
tive” capacity of the model with these parameters, we apply the equation with the estimated param-
eters to predict the values of Tj)_, in 1900 and 1910, the two censuses after 1887. In these censuses
we know the true values of T]]_,, and we can see to what extent the prediction deviates from the true
value. For 1900 the resulting coefficients of determination are as follows:

Men : R? = 0.8432

1
Women : R? = (0.8248 M)

For 1910 the R? values are 0.7476 for men and 0.7840 for women. As these coefficient of deter-
mination results are rather good at predicting the T{_, values in the two subsequent censuses (1900
and 1910), with the parameters calculated using the 1887 data, it can be plausibly concluded that the
“backward prediction” in the two antecedent censuses (1877 and 1860) will also be good. It must be
taken into account that, as it is discussed below, literacy changed less in the period 1860-1887 than
in the period 1887-1910%, and thus the backward predictions for 1860 and 1877 are not likely to be
worse than the predictions for 1900 and 1910.

We have tried other methods to estimate the T|,_q values in 1877, using two regressors, apart from
the independent term. Specifically, we have considered the multiple regression model (MRM):

"TY_g = Bo+ B "T§+ B2 "I _g + €

where "T}_, and "7} indicate values in the n-th census and "*!T}_, in the subsequent (n + 1)-th
census.

%Melilla presents atypical characteristics and is not included in the estimation of the model parameters, here and in
subsequent regression models (and correlation coefficients) appearing in the paper. Accordingly, the Tj_o values of Melilla

in 1860 and 1877 are estimated, for men and women, by multiplying the TOTZQ ratio of Melilla in 1887 by the T§ value of
Melilla in 1860 and 1877, respectively. On the other hand, the values of T§ for women in 1860 of five provinces are very
low and far out of the range of the values of 1887, and this results in slightly negative estimations of T _¢ which have been
taken zero instead; at any rate, the affected figures are negligible.

¥ Although the T, rates will be used later for this discussion (which for 1860 and 1877 are obtained using the parameters
considered now), there is no circularity in the reasoning, since the result is the same using the cruder rates Tg, which can
be obtained directly from the census data.
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We now estimate the values of the parameters 5y, 81 y 2 with the data from 1887 (n-th census)
and 1900 ((n + 1)-th census). The results are:

e Men: By = —0.0538, 1 = 0.2056, B2 = 0.7585, with R? = 0.9246 and B> = 0.9214
e Women: fy = —0.0251, 81 = 0.2937, B2 = 0.5746, with R2 = 0.9254 and R~ = 0.9221.

The multiple regression model (MRM) certainly provides a better fit to the data (from 1887 and
1900) than the simple regression model (data from 1887), for both men and women. Another question
is its ability to “predict backwards” the values of T}, , in 1877 (the values of the regressor "*1T}  are
known, as they correspond to the 1887 census). In order to compare this ability in the two models,
we apply the multiple regression equation with the parameters now estimated to predict the values
of T, 6_9 in 1900, the post-1887 census. In 1900 we know the true values of ™7 6_9 (as we know those
of the regressor "'} _,, now corresponding to 1910) and we can see how far the prediction deviates
from the true value. The coefficients of determination are as follows:

Men: R2?=0.6806 and R’ = 0.6667,

2

Women: R?=0.7704 and R’ = 0.7605. @

Comparing (1) and (2), the results of the multiple regression model (MRM) are worse than those

of the simple regression model (SRM) at predicting the values of Tj}_,4 in 1900, for both men and

women. Therefore, we choose the simple regression model to “predict backwards” the values of

T4 _o in 18770, Even more so, we discard a similar multiple regression model (in which a regressor of

the type ""2T}_, would have to appear) to estimate the values of T}, _, in 1860, and we also maintain
in this case the simple regression model.

4 The evolution of male literacy

4.1 The starting point

Spain in 1860 is a predominantly agrarian country, with little modern industry, except in the province
of Barcelona. Politics is unstable, marked by pronunciamentos and uprisings, and it will continue
to be so until 1876, with the end of the third Carlist (civil) War, at the beginning of the Bourbon
Restoration. Spanish is the predominant language, although Basque, Catalan-Valencian and Galician
are also spoken (see below).

Based on census data, we can estimate that the Spanish literacy rate for males (aged 10 and over)
was 38.9% in 1860. This global level of literacy says nothing about an important part of reality: a
heterogeneous and unusual spatial distribution of male literacy.

We introduce a clustering of the 49 Spanish provinces according to their male literacy rates in
1860 (i.e., the similarity measure is the modulus of the difference between the literacy rates). In
fact, we proceed by ranking the provinces in descending order of their male literacy rates, assigning
proportional indices to the male literacy rates of the provinces (with 100 corresponding to the mean

¥Two alternative multiple regression models have also been considered, in which the second regressor is "' Ti_10 or
" 1T 620, instead of "T1T}_,, but in them the coefficients of determination and the corrected coefficients of determination
are worse than those of the multiple regression model (MRM), for both men and women, and thus they have been ruled
out.
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Spanish male literacy rate), and then taking the indices 160, 130, 100 and 70 as dividers between
clusters®. The following five clusters are obtained (see Figure 13):

e Castilian core, with male literacy rates above 65%. It is made up of 6 provinces, geographically
contiguous, roughly corresponding to the County of Castile becoming a (more or less) indepen-
dent entity in the mid-tenth century. By 1877, five of these provinces (Alava, Burgos, Palencia,
Santander and Soria) had surpassed the threshold of 75% male literacy (the sixth province,
Segovia, reached 72.1% in that census). It is a predominantly rural area, with a prevalence of
small villages and no town with more than 20,000 inhabitants, except for Burgos with 25,000
and Santander with 30,000.

* Northern Plateau, with male literacy rates between 50% and 62%. It is made up of 8 provinces
located in the Northern Plateau (Meseta Norte) or on its edge, around the Castilian core. Here
is situated Madrid, the capital and largest city of Spain, with 300,000 inhabitants, but also the
very rural region of Leén (provinces of Leén, Zamora and Salamanca; the university city of
Salamanca has only 16,000 inhabitants).

e Sundry North, with male literacy rates between 40% and 49%. It is the only cluster without
geographical unity, made up of 6 provinces located at different points in the northern half of
Spain. Here is situated Barcelona, the second city in Spain, with almost 200,000 inhabitants. It
is the most linguistically diverse cluster, including areas with a predominance of the Spanish,
Catalan, Basque or Galician languages.

e Transition, with male literacy rates between 28% and 39%. It is made up of 17 provinces, which
(except for three of them) constitute a continuous swathe of land from the eastern Pyrenees to
the southwest coast in the Atlantic, separating the first three clusters from the fifth. Here is
situated Seville, the third Spanish city, with almost 120,000 inhabitants, and three other cities
with more than 50,000 inhabitants.

* South and East, with male literacy rates below 27%. It is made up of the Balearic and Canary
Islands and 10 provinces that constitute a continuous strip along the Mediterranean coast, ex-
cept for the northern part of it. Here you can find some of the richest agricultural areas and six
of the twelve Spanish cities with more than 50,000 inhabitants, including Valencia, the fourth
Spanish city, with almost 110,000 inhabitants.

Our clustering procedure is straightforward, dealing with attribute similarity, where the attribute is
one-dimensional and naturally ordered. The resulting clusters turn out to be spatially contiguous to
a high degree. Moreover, the spatial distribution of literacy shows a mostly concentric pattern with
the province of Burgos at the centre. The whole first cluster is included in the first ring formed by
Burgos and the bordering provinces. If we consider the 19 provinces of the second ring (the first ring
and its bordering provinces), it turns out that it coincides with the 19 provinces with the highest male
literacy rate (with only two exceptions).

The spatial pattern of the male literacy rate in 1860 is remarkable. There is no positive correlation
between male literacy and the level of urbanization (measured by the percentage of the population
living in the provincial capital or in towns with more than 30,000 inhabitants): the correlation coeffi-
cient is p = —0.0096 (we always consider disaggregation by province). There is also no appreciable
correlation between male literacy and the level of industrialization, whether the latter is measured

*'n this case, our procedure is equivalent to clustering by shading (see Johnson and Wichern 1998). The number of
clusters have been determined by inspection of the distribution of the indices.

*The present official names of the provinces are used in the maps: “Oviedo” is now “Asturias”, “Santander” is
“Cantabria”, “Logrofio” is “La Rioja”, “Guiptizcoa” is “Gipuzkoa”, “Gerona” is “Girona”, “Lérida” is “Lleida”, “Corufia”
is “A Corufia” and “Orense” is “Ourense”.
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Figure 1: Literacy rates (males aged 10 and over) in 1860.
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by the ratio of “workers in factories” (“jornaleros en las fabricas”) to the total population, or if both
miners and workers in factories are in the numerator: the correlation coefficients are p = 0.0017 and
p = —0.0784, respectively.

Building explanatory models of literacy in 1860 would require the analysis of data much earlier
than 1860. The purpose of this paper is rather to explain the evolution of literacy between 1860 and
1910, taking literacy rates in 1860 as initial conditions.

4.2 Evolution in the period 1860-1910

Literacy levels are the result of decisions made, on the one hand, by local authorities in the mu-
nicipalities, where the provision of schools and teachers is established, and, on the other hand, by
individuals, who decide whether they send their children to school, and for how long, or whether
they try to become literate as adults. As in any decision problem, both types of decision makers, local
authorities and individuals, have preferences and constraints.

The preferences of decision makers are part of their mentality and are marked above all by the
value they give to education (see e.g. Reher (2023)).

The most important constraints are the economic ones, and particularly the financial resources
available to the local councils, which are responsible for public primary education during this pe-
riod. According to the Moyano Law (1857), the funding of primary education fell to the municipali-
ties, which meant in practice a highly decentralized system. Irrespective of different historical con-
texts and levels of advancement in the literacy process, the Moyano Law shared the decentralized
approach to the funding of public elementary education with the relevant laws in other Western Eu-
ropean countries: the Allgemeines Landrecht (1794) of Prussia®, the Guizot Law (1833) and the Falloux
Law (1850) of France®, the Casati Law of Italy (1859)3.

In general, the resources available for primary education in Spain were conditioned throughout
this period by the desamortizaciones of 1836-1837, 1841 and 1855 (see Bennassar (1985)), which con-
tiscated the properties of the Catholic Church, the assets of educational foundations of all kinds,
and most of the land belonging to the municipalities*®®. The impoverished Spanish local councils
were saddled from 1857 with the obligation to support public primary education, in a context where
educational charities were deprived of all their means.

Two literacy rates may have a biological link, in so far as they share part of their underlying pop-
ulations®”. Assuming that the acquisition of literacy for those older than a certain age becomes in-
creasingly unlikely, a very low literacy rate in some year holds back the biologically linked literacy

3The previous Prussian Generallandschulreglements for Protestant schools (1763) and for Catholic schools (1765) were
advanced for their time, but poorly enforced. In 1819/20 the (central) state participation in elementary education spending
was 6.2 percent; it was 4.5 percent in 1861, when universal alphabetization of children had been reached already (see
Zilch (2014)). Then the state participation began to grow (28.8% in 1911), especially when elementary education fees were
eliminated in 1889.

*The Guizot Law required municipalities to establish elementary schools for boys, and the Falloux Law extended this
obligation to schools for girls. See Diebolt et al. (2005) on the rise of mass schooling in France and its funding.

¥See Cappelli and Quiroga (2020, 2021) and Bray (1991).

*The special public debt securities issued by the state as a partial compensation for the municipalities were nowhere
near enough and became eventually worthless (the low yields were reduced even more and often not paid). See Moral
Ruiz (1984) (p. 30-31, 106-107) and Comin (1996).

*For example, rate T1o in 1900 has a biological link with rate T}o in 1910, because the people 10 years old and over in
1900 still surviving in 1910 are part of the people 10 years and over in 1910. In contrast, 7o in 1900 has no biological link
With T11715 in 1910.
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rates in later years38. In this connection, age-specific rates (Whenever available) such as 77;_15 may
provide explanatory power.

There are three res ipsa loquitur features of Spanish male literacy in the period 1860-1910:
1. The global failure of the literacy process. The male literacy rate grew by only 18.7 percentage points
over a 50-year period, from a comparatively modest 38.9% in 1860 to a comparatively low 57.6% in
1910. This slow growth occurred not only in the phase of political instability up to 1876 (the male
literacy rate is still 43.5% in 1877), but also in the relatively stable span of the Bourbon Restoration
(growth of 14.1 points in the 33 years between 1877 and 1910).
2. The large spatial differences. As we shall see later in more detail, the spatial structure of 1860 is
maintained. The six provinces of the Castilian core are still the top six provinces by male literacy
rate in 1910. The 19 provinces of the second ring around Burgos still coincide in 1910 with the 19
provinces with the highest male literacy rate (now with only one exception). All the 12 provinces of
the fifth cluster are among the bottom 14 provinces by male literacy rate in 1910. The following table
shows the evolution of male literacy in the five clusters® (for the last three censuses T} is given in
the top row and 71115 in the bottom row; the rates higher than 75% are marked bold):

1860 | 1877 1887 1900 1910
Men | Men Men Men Men

Tio Tio | Tho, Tui-15 | Tro, Th1-15 | T10, T11-15
Castilian Core | 69.01 | 76.63 gggg ggzg g;gg
Northern Plateau | 56.57 | 64.54 2232 ;;“133 ;22?
Sundry North | 4531 | 51.28 ggiig gg:gi Zg:i;
Transition 33.94 | 38.54 ig:(l)g i;?ﬁ Zﬁjﬁﬁ
South and Est | 23.68 | 25.67 gg;g gggg g?gé
SPAIN 38.90 | 43.51 ﬁég Z;:ﬁ ?ZZ?

Table 2: Spanish male literacy rates by cluster.

3. The appreciable percentage of men becoming literate after school age. Beginning in 1887, censuses
provide data of literacy by age*’. Despite the underlying trend of growing child literacy, in all cen-
suses the maximum male literacy corresponds to the group of adults between 31 and 35 years old,
with literacy rates approximately 10 points higher than those of boys between 11 and 15 years old*!:

BFor example, a very low T in 1900 makes impossible for 7% in 1910 to be very high.

¥We can order the 1910 male literacy rates and construct 5 levels parallel to the 1860 clusters (i.e. the first 6 provinces
would form level 1, as the first cluster has 6 elements, the next 8 would form level 2, as the second cluster has 8 elements,
etc.). The 1910 level 1 provinces would be exactly those of the first 1860 cluster, and the changes between the other 1910
levels and their 1860 counterpart clusters would be minimal: 5 provinces would move up one level (all of them where
Basque or Catalan-Valencian was spoken), and displace 5 others that would move down one level.

“The age intervals considered by the three censuses do not coincide, but a homogeneous series can be built with 5-year
intervals for the ages between 11 and 50 years old. Gabriel (1997) conducts a similar study to ours for the ages between 6
and 30 years old, and in Gabriel (1998) 10-year intervals are considered for all ages from 11 years onwards. The conclusions
are essentially in line with our own, both for males and females (see below).

“1Cohort analysis filters out the trend of growing child literacy, even when it is still susceptible to other distortions: the
cohorts decrease through mortality and change through migration, and both phenomena may affect the literate and the
illiterate to different degrees (see Cipolla (1969)). At any rate, cohort analysis seems to confirm our conclusion. The cohort
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Men Men Men Men Men Men Men Men Men Men
Ti115 | Tie—20 | To1-25 | T26-30 | T31-35 | T36-40 | Tu1—a5 | Tu6—50 | T51-60 | T61-70
1887 44.33 49.99 52.06 51.40 54.31 49.82 51.27 47.16 45.65 42.33
1900 49.11 54.75 57.12 55.71 58.11 54.93 57.67 52.63 50.15 45.42
1910 53.43 59.89 62.40 61.07 63.28 59.64 61.70 57.16 56.23 50.01

Census

Table 3: Spanish male literacy rates by age.*?

As age increases, the significance of parents in the literacy process gives way to that of the con-
cerned individual. The means to implement late literacy were varied. Village schools allowed the
not-so-young to attend. Adult schools were segregated by sex** and in 1900 legislation was passed
organizing night classes for workers, as an instrument to achieve “a solid knowledge leading to capa-
ble and intelligent workers and teachers, who contribute to the development and progress of the arts
and industries of the country”#. It was also non-negligible the literacy work that the army carried
out on recruits during their military service®.

Figure 2 considers the male child literacy 711—15 at the end of the period (data in Appendix 2).
This map shows how varying were the deeds of local authorities and parents in different areas of
the country. It is a snapshot of the advancement of the modernization process in 1910, as far as male
literacy is concerned. Besides, the correlation coefficient between 719 and 77115 in 1910 is p = 0.9782.

Now we are to establish a model of the dynamics of male literacy in the period 1860-1910. Firstly,
we must remark the high correlation between male literacy 75 in 1860 and male child literacy 71115
in 1910 (even though there is no biological link between the two rates): the correlation coefficient is
p = 0.8824. The values of 1860 represent well the inherited historical substratum, particularly with
regard to the mentality of the decision makers in each area of Spain. Secondly, during the period
1860-1910 Spain experienced social and economic changes, whose influence on the literacy process
must be considered.

The linguistic factor may also be relevant in the literacy process. In several areas of Spain, the
usual language of the majority of the population was not Spanish in 1860. Basque was spoken in
three provinces (Vizcaya, Guiptzcoa and the north of the province of Navarra; by the mid-nineteenth
century Basque was hardly used in Alava). Catalan-Valencian was spoken in 8 provinces (Barcelona,
Gerona, Lérida, Tarragona, the Balearic Islands, Castellon and a large part of the provinces of Valen-
cia and Alicante). Galician was spoken in four provinces (La Corufia, Pontevedra, Lugo and Orense).
These languages have different degrees of closeness to Spanish. Basque is not even an Indo-European
language. Catalan-Valencian is a Romance language and has a significant mutual intelligibility with
Spanish in written form and has partial or low intelligibility in spoken form (the latter varies greatly
according to dialect)*. Galician is very close to Spanish and both languages are mutually intelligi-
ble?”. The Moyano Law of 1857, in force throughout the period, established the obligatory teaching

of those aged 11-15 in 1900 had a literacy rate, in that year, of 44.11, and in 1910 the members of that cohort recorded in
the census (now aged 21-25) had a literacy rate of 62.40. This represents a variation of +18.29. An analogous calculation for
the cohort aged 16-20 in 1900 gives a variation from 1900 to 1910 of +6.32. In turn, the variations from 1900 to 1910 for the
21-25, 26-30, 31-35 and 36-40 age cohorts in 1900 are, respectively: 6.16, 3.93, 3.59 and 2.23.

“The value of Th5_15 is only available in 1887, and it is 46.96.

®Data of 1880 indicate that 91% of adult schools were for males and 94% of the students were male altogether (see
Direccién General de Instruccién Publica (1883)).

*Real Decreto of 25 May 1900.

#See Quiroga (1999) and Direccién General del Instituto Geogréfico y Estadistico (1914) (p. 366).

*See Juge (2007) for a general study of the distance of Catalan-Valencian to the other Romance languages.

47See Ramallo (2007) (p. 28); also Regueira (1999) about the closeness to Spanish of the different varieties of Galician.
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Figure 2: Literacy rates (males aged 11-15) in 1910.
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of Spanish, but did not require it to be the compulsory language of instruction. In fact, it was not, in
whole or in part, in quite a few municipalities of Spain, particularly in Catalonia®*®. In 1902, Spanish
was imposed as the sole language of instruction by a decree*®, which was to be made ineffective in
practice by a ministerial decree one month later.

The economic transformations, especially the industrialisation process, may affect literacy. Glob-
ally, the proportion of the agricultural active population to the total active population stayed at
around 72% during the period (among men; it is difficult to estimate the composition of the female
active population in predominantly agrarian economies)>!. However, the process of establishing a
modern industry advanced, with a marked tendency towards spatial concentration. Barcelona and
Vizcaya became important industrial hubs2.

We propose the following regression model, with the variables running through the values of the
provinces:

Y = Bo+ 1 X1 + BoXo+ B3 X3 + faXa+ Bs X5 + €

where Y is the male child literacy rate 771_15 in 1910 and e is the error term. The regressors are:

* X;: male literacy rate 77 in 1860.

* Xy, X3, and X4: dummy dichotomic variables, taking the value 1 if Basque (for X53), Catalan-
Valencian (for X3), or Galician (for X4) is spoken in the province, and the value 0 otherwise.

* X;: proportion of the male active population working in agriculture (including forestry and
fishing) in 1900%.

Table 4 presents the estimates of four models (the corresponding p-values are shown in paren-
theses). The first model is the initial one, with 5 regressors. The values of the coefficient of deter-
mination R? and the adjusted coefficient of determination R’ are high. The regressors X4 and X5
may be successively removed as not at all significant. In the resulting second model, the coefficient
of determination is hardly altered in relation to the first model, and all the regressors are significant.

The estimated model we arrive at is

Y =0.0034 + 1.2929.X4 + 0.2412X5 + 0.1436 X3 + €

whose coefficient of determination is round 90%. On the other hand, the simple regression model

Y =0.0811 4+ 1.1959X; + €

has coefficient of determination R? = 0.7786. Consequently, male child literacy in 1910 is to a large
extend explained by male literacy 50 years earlier. Basque and Catalan-Valencian being spoken are
also two significant variables, where the former is more influential.

#See Diario de las sesiones de Cortes (1896, 1902); Gonzalez Ollé (1985); Gabriel (2019).

“Decree of 21/11/1902. The incumbent minister was the Count of Romanones. Shortly after the publication of the
decree, Sagasta’s Liberal government fell and was replaced by Silvela’s Conservative government.

Ministerial decree of 19/12/1902, signed by the new Minister of Public Instruction in Silvela’s government, Manuel
Allendesalazar. Part of Romanones’s decree was declared void as being contra legem, and the rest was reinterpreted so as
to make it unenforceable in the relevant cases.

51The available rates are 72.14% for 1877, 72.26% for 1887, 72.20% for 1900 and 71.64% for 1910 (see the corresponding
censuses and Nicolau (2005)).

*The proportion of the male active population working in industry in 1900 was 31.86% in Barcelona and 37.06% in
Vizcaya. On the other hand, this rate was only 6.74% in Burgos, the province with the highest male literacy in Spain.

*An alternative model has also been considered, with X5 standing for the proportion of the male active population
working in industry (including mining, energy and construction) in 1900. There is no appreciable alteration in the results.
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Bo b1 P2 Bs Pa Bs
intercept | M. 1860 | Basque | Cat-V. | Galician | agric.

0.0138 | 1.2915 | 0.2387 | 0.1423 | -0.0013 | -0.0125
(0.883) | (6E-22) | (9E-6) | (4E-5) | (0.974) | (0.909)
0.0034 | 1.2929 | 0.2412 | 0.1436

Regressors R? R

X13X27X33X47X5 0.8979 0.8860

X1, X, Xs 0914) | 4E-23) | (E7) | (OE-6) 0.8978 | 0.8910
0.0715 | 1.1867 | 0.2181
X1, X> ©0.046) | (GE-19) | (1E4) 0.8407 | 0.8338
X 0.0811 | 1.1959 07786

(0.051) | (5E-17)

Table 4: Regression models for male literacy.

Some explanations of the significance of these linguistic variables can be hypothesized. On the
one hand, learning Spanish was perceived as increasingly important by local authorities and parents
with the process of economic modernization, especially in the case of Basque; this learning went
hand in hand with the acquisition of literacy. On the other hand, higher growth of literacy during
the period for those not having Spanish as mother tongue might also be attributable to catching up
from a relatively low level of literacy before 1860, caeteris paribus, even if the mother tongue was
partially or totally the language of instruction. At any rate, further study of the influence of linguistic
variables suggests itself, considering local data (e.g. on the language of instruction) and events such
as the Carlist wars and the ensuing settlements. In contrast to political entities like Cisleithania
(see Urbanitsch (2021)), France (see Furet and Ozouf (1977)) or Prussia (see Belzyt (1998)), not much
attention has been paid to the influence of linguistic factors on the Spanish literacy process.

5 The evolution of female literacy

5.1 The starting point

Based on census data, we can estimate that the Spanish literacy rate for females (aged 10 and over)
was 11.2% in 1860. Figure 3 displays the spatial distribution of female literacy in that year.

There is not as clear a spatial pattern for female literacy in 1860 as for male literacy. There are only
4 provinces above 20%. Half of the provinces have literacy rates that are concentrated between 7.1%
and 11.1%. Nine provinces are below 7%, including the four provinces of Galicia.

Emigration to America is arguably the main reason for the low sex ratios (ratio of male to fe-
male for the population between 16 and 50 years old) in the Canary Islands and the provinces of
the northwestern coast of Spain54. Here Galicia is included, but also Oviedo, Santander and Viz-
caya®; the latter two provinces have relatively high female literacy rates (considering the dismal

%See Gozalvez Pérez and Martin-Serrano Rodriguez (2016). Internal migrations were mostly within the bounds of each
province during the period, with exception of the immigration to Madrid and Barcelona (see Nicolau (2005) and Juif and
Quiroga (2019)).

The lowest sex ratios in 1860 were the following: Pontevedra 65.76%, Oviedo 71.29%, Corufa 71.53%, Canarias
71.83%, Lugo 78.43%, Santander 79.36%, Orense 82.37%, Vizcaya 85.87%; the national average was 95.69%. In the 1910
census the six lowest ratios were as follows: Pontevedra 59.95%, Corufa 64.65%, Canarias 72.03%, Oviedo 76.45%, Orense
76.66%, Lugo 76.70%); the ratio of Santander was 83.36% and that of Vizcaya 92.44%; the national average was 91.69%.
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Figure 3: Literacy rates (females aged 10 and over) in 1860.
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background)®. At any rate, low sex ratios tend to impair the position of women, although other
factors may countervail the effect>”.

Contrary to what might be expected, there is not a high correlation between the male and female
literacy rates in 1860, with p = 0.5377, p?> = 0.2891 (we always consider disaggregation by province),
a figure similar to that of the correlation between the female literacy rate and the urbanization rate
(p = 0.5444, p* = 0.2963). The (squared) multiple correlation coefficient for the female literacy rate
with respect to the male literacy rate and the urbanization rate is 0.5912.

There is hardly any correlation between female literacy and the level of industrialization, whether
the latter is measured by the ratio of industrial workers to the total population (p = 0.1970), or if both
miners and industrial workers are in the numerator (p = 0.1490).

5.2 Evolution in the period 1860-1910

In parallel to subsection 4.2, we consider these three features of the Spanish female literacy in the
period 1860-1910:

1. As in the male case, the global failure of the literacy process. The female literacy rate grew by
only 27.4 percentage points over a 50-year period, from a comparatively low 11.2% in 1860 to
a comparatively very low 38.6% in 1910. This slow growth occurred not only in the phase of
political instability up to 1876 (the female literacy rate is still 17.9% in 1877), but also in the
relatively stable span of the Bourbon Restoration (growth of 20.7 points in the 33 years between
1877 and 1910).

2. The spatial distribution of female literacy gradually aproaches along the period the pattern of
male literacy in 1860. On the one hand, the correlation coefficients of female literacy (in 1877,
1887, 1900 and 1910) with female literacy in 1860 decrease continuously along the period (in
1877 is p = 0.9634, in 1910 is p = 0.7369). This is not surprising. In contrast, the correlation
coefficients of female literacy (in 1860, 1877, 1887, 1900 and 1910) with male literacy in 1860
increase steadily along the period (in 1860 is p = 0.5377, in 1877 is p = 0.6543, in 1910 is
p = 0.8134). All in all, the spatial distributions of female and male literacy become closer over
time (p = 0.5377 in 1860, p = 0.8815 in 1910).

The clusters introduced in Section 4 continue to help us now. The following table, parallel to
Table 2, shows the evolution of female literacy in the five clusters:

56Apart from the emigration to America, substantial in the aforementioned provinces, there was an important emigra-
tion from Almeria to Argelia (the sex ratio of Almeria was 87.38% in 1860 and 79.41% in 1910). It was predominantly a
temporary migration, with most emigrants returning eventually (see Nicolau (2005)).

’Out-of-wedlock birth rates are to be interpreted very cautiously, and considering the society of 1860, but some figures
are worth noticing (data of the Anuario Estadistico de Espaiia 1860-1861). Canarias (20.4%) and Lugo (18.4%) had the highest
rates in the country, whereas the rates of Santander (4.0%), Vizcaya (2.4%) and Almeria (3.4%) were below the national
average (5.6%).
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1860 1877 1887 1900 1910
Women | Women Women Women Women

Tio Tio Tio, Ti1—15 | Tio, T1i-15 | Tr0, T11-15
Castilian Core 1592 | 27.81 g;gz g;jﬁ gg;ﬁg
Northern Plateau | 16.03 | 2555 igég ;;:22 2§j2§
Sundry North 10.86 | 19.54 gg‘?g ig:ﬁ ;*2?2
Transition 10.01 15.85 ;2:1,:21 gié; Z?gg
South and Est 8.55 12.37 };ig ;g?g ;2?8
SPAIN 1114 | 17.86 ;g:gg §§;§§ ig:gg

Table 5: Spanish female literacy rates by cluster.

As an exception to the dismal global evolution during the period, the female literacy process
was successful in the Castilian core. There was also some closing of the gap with male literacy in
the North of Spain, especially in the Northern Plateau. Certainly, the low initial female literacy
Ty rates “burden” the later 77 rates through biological link, but not the later 77,_15 rates; it is
thus disappointing that 7115 is almost as bad as T’ in the South and East cluster in 1910.

A measure of the level of improvement of female literacy during the period is given by the
difference between T11_15 in 1910 and 77 in 1860: 66.14 percentage points for the Castilian
core, 49.67 for the Northern Plateau, 47.26 for Sundry North, 31.57 for Transition and 17.56 for
South and East, with 34.75 for Spain overall.

3. Less women than men became literate after (extended) school age. In all censuses the max-
imum female literacy corresponds to the interval of those between 16 and 20 years old; in this
interval literacy rates are little different from the rates of girls between 11 and 15 years old>®
(these results are to be interpreted considering the trend of growing child literacy)’:

Ti1-15 | Tie—20 | To1-25 | T26—30 | T31-35 | T36—40 | Tu1—a5 | Tue—50 | T51—60 | T61-70
1887 29.58 30.73 29.10 25.91 25.50 21.01 19.56 15.96 13.82 11.84
1900 38.07 39.77 38.17 33.88 33.42 28.80 28.71 24.13 19.98 16.10
1910 45.90 48.40 4731 42.78 42.17 37.11 37.10 31.65 28.36 21.86

Census

Table 6: Spanish female literacy rates by age.

Figure 4 displays the female child literacy 71,15 in 1910 (data in Appendix 2)®°. This map
shows the spatial distribution of a most relevant indicator of cultural modernization. Out of

In 1887, disaggregated data for the 16-20 interval are available, and thus Ti6—15 = 30.78, Ti7—17 = 32.13, Tiz_1s =
30.52, T19_19 = 31.96 and T20_20 = 28.79.

»Cohort analysis seems to confirm our conclusion, comparing with the corresponding data for men (see above). The
cohort of those aged 11 — 15 in 1900 had a literacy rate, in that year, of 38.07, and in 1910 the members of that cohort
recorded in the census (now aged 21 — 25) had a literacy rate of 47.31. This represents a variation of +9.24. An analogous
calculation for the cohort aged 16-20 in 1900 gives a variation from 1900 to 1910 of +3.01. In turn, the variations from 1900
to 1910 for the 21 — 25, 26 — 30, 31 — 35 and 36 — 40 age cohorts in 1900 are, respectively: 4.00, 3.23, 3.68 and 2.85.

The correlation coefficient between T}o and Ti1_15 in 1910 is p = 0.9543.
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49 provinces, there are 9 provinces above the threshold of 75%, 15 provinces between 50% and
70%, and 25 provinces under 44%.

W >75%
W 4575%
W 50-65%
[ 30-50%
[ =30%

Figure 4: Literacy rates (females aged 11-15) in 1910.

Next, we establish a model of the dynamics of female literacy in the period 1860-1910. The
same regressors as for male literacy (in Section 4) are considered, with the addition of a further
regressor representing female literacy in 1860.

We propose the following regression model, with the variables running through the values of
the provinces:

Y =By + B1X1 + BoXo + B3X3 + B4 Xa + B5X5 + P X6 + €

where Y is now the female child literacy rate 77115 in 1910, € is the error term and X, X, X3,
X4, X5 are as in Section 4. We incorporate the regressor:
Xe : female literacy rate 7' in 1860.

Table 7 presents the estimates of six models (the corresponding p-values are shown in paren-
theses). The first model is the initial one, with 6 regressors®'. The values of the coefficient of

%! An alternative initial model has also been considered, with X5 standing for the proportion of the male active popu-
lation working in industry (including mining, energy and construction) in 1900. There is no appreciable alteration in the
results.
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determination R? and the adjusted coefficient of determination R’ are high. The regressors X¢
and X5 may be successively removed as non-significant. It is remarkable the non-significance
of Xg, in view of the very strong significance of X;. In the resulting model with 4 regressors,
the coefficient of determination is little altered in relation to the first model. All the regressors
are strongly significant, except for X, (Galician), whose p-value is between 0.01 and 0.05; on
the other hand, the estimated coefficient of X, is negative, in contrast to the other linguistic

regressors.
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Table 7: Regression models for female literacy.

The estimated model we arrive at is

Y = —0.0301 + 1.2029X; 4 0.2936 X5 + 0.1334 X3 — 0.0954.X4 + €

whose coefficient of determination is round 87%. On the other hand, the simple regression
model

Y =0.0374 4+ 1.1155X; + €

has coefficient of determination round 70%. Consequently, female child literacy in 1910 is to a
considerable extend explained by male literacy 50 years earlier. The values of male literacy of
1860 represent well the inherited historical substratum. Catalan-Valencian being spoken is also

a relevant variable, and Basque being spoken is very relevant.

6 Conclusions: towards an explanatory model of the evolution of Span-

ish literacy in the period 1860-1910.

During the second half of the 19th century, Spain was characterized by slow progress in literacy rates,
with much worse results than other nearby European countries such as Italy, which had overcome
Spain in this regard by 1880. A partial explanation for this poor performance is that the (central)
state confiscated most of the land belonging to the municipalities by the desamortizacion of 1855. Yet
the funding of public primary education was assigned to these municipalities by the Moyano Law
of 1857. The lack of resources of Spanish local councils meant that aggregate spending on primary
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education remained stagnant, while the school population grew. In contrast, Italy, which also had a
decentralized system, increased the spending significantly®?.

As for male literacy, despite the slow progress in the country as a whole, there were great spatial
disparities that remained essentially stable throughout the period, only with exceptions related to
minority languages. In general terms, during these fifty years, provinces increased their rates by
around 20 percentage points and thus those starting at the first positions reached almost complete
universal male literacy by 1910, whereas some backward provinces ended up below 40% male lit-
eracy, the minimum threshold for sustained economic development to begin. The 6 top provinces
in 1860 (still heading the list in 1910) coincided with the “Castilian core” of the country. Some ex-
planations of their high male literacy values can be traced back to historical processes of medieval
origin related to the Reconquista, including the model of land distribution and mental processes of
imitation of the behaviour of the nobility and the clergy as means of social advancement, involving
a high social valuation of education (see Pérez Moreda (1997)); at any rate these provinces tended to
be those devoting more public resources to primary education.

Figure 5 shows the per capita public expenditure on primary education at the end of the period
(1908). Certainly, the commitment of local authorities to popular education remained uneven across
the country®®. Rich Madrid and Barcelona were not at the top, but rural high literacy provinces.

In addition to this geographic disparity, Spain had large differences between male and female
literacy rates. In 1860, just over 10% of women over the age of 10 could read and write compared
to almost 40% of men. A partial explanation of this difference might be economic. The return on
investment in education depended on its degree of use: if parents anticipated a different participation
in the labour market according to sex, they would allocate family resources (including time) in a
biased way; therefore, the family unit would be maximizing the return on its investment by having
boys more educated than girls. All the same, the literacy gender gap was very large in comparative
West European terms (see Section 2), especially in the more literate provinces, where it could exceed
50 percentage points (obviously, it was smaller in the little literate provinces). The abysmal literacy
gender gap in the most literate Spain at the beginning of the period remains a puzzle, only to be
addressed by analysing data prior to 1860.

Although the improvement of female literacy was globally less than mediocre during the period,
female literacy somewhat reduced distances with male literacy, certainly in an uneven way. The
literacy gender gap remained stable in the low literacy provinces. In contrast, female literacy grew
steeply in the high literacy provinces, and so in 1910 girls were almost universally literate in the
Castilian core. Statistical data show a lack of correlation between female literacy rates in 1910 and
1860 but a very high correlation between female literacy rates in 1910 and male literacy rates in
1860. At last literate fathers were willing to assume the economic cost of providing literacy to their
daughters.

Certainly, the institutional framework eased the efforts of the overburdened small villages of rural
Spain to fund primary education. The Moyano Law allowed the existence of mixed-sex “incomplete
schools” and “seasonal schools” in villages with less than 500 inhabitants, and of incomplete schools
for girls in villages with less than 2000 inhabitants. These schools had fewer subjects and less paid
(and qualified) teachers, thus lowering the costs in education and making cheaper the extension of
literacy to girls in small municipalities®®. On the other hand, in small villages the school routine

82Cappelli and Quiroga (2020), Figure 3.

SFranchise in local elections was mostly selective (property based) until 1890 and universal (for males) afterwards.
Suffrage was already universal after 1868 in villages under 100 inhabitants.

#Source: Direccién General del Instituto Geogréfico y Estadistico (1913).

%Prima facie at the expense of quality, but the positive action of the bandwagon effect cannot be overlooked.
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could be adapted to the seasonal work of children in agriculture, which was seen as an advantage by
families; this was even more the case with seasonal schools®®. As an example, in 1860, more than half
of the population of Soria, one of the provinces with the highest literacy both for men in 1860 and for
girls in 1910, lived in municipalities with less than 500 inhabitants, and over 70% of the schools were
mixed-sex all along the period 1860-1910. At any rate, the local councils of very rural Soria were the
top investors in public primary education in the entire country (data of 1908)%”.

The per capita public expenditure in elementary education in 1908 and the female child literacy
T11-15 in 1910 are highly correlated: the correlation coefficient is p = 0.7 5158, Figure 6 displays the
corresponding scatter plot and regression line.

According to the legislation in force during the period, public primary education was free only
for the certified poor. At any rate, the literacy gender gap was not only attributable to parents and
local councils. As shown in Table 3 and Table 6, the maximum literacy of women was reached in the
interval between 16 and 20 years old, whereas the peak in male literacy was in the interval between
31 and 35 years old. The requirements of the labour market provided inducements for men (more
than for women) to acquire literacy (e.g., through adult schools, schools for workers or while doing
military service). Available technology, economic backwardness and blatant prejudice limited the
quantity and quality of jobs accessible to women.

It is to be pointed out that birth rates and literacy rates were uncorrelated in Spain, both in 1860
and 1910. Moreover, there was no correlation between birth rates and literacy rates for children (data
of 1910)%°. There was a positive correlation between literacy rates and the intensity of (Catholic)
confessional allegiance (see Gutiérrez (2025)).

The evolution of literacy in Spain between 1860 and 1910 did not follow the spatial pattern of
the economic modernization process. The high literacy rates of the Castilian core did not correspond
to the relative income levels of the area at that time”?. The most literate provinces were neither the
most industrialized, nor the most urbanized”!. The majority of them were agrarian provinces, with a
predominance of small and medium property, and with the population living in small villages.

All in all, the dynamics of literacy during the period are predominantly explained by the initial
male literacy (the initial female literacy turns out to be non-significant). To a lesser extent, Basque
and Catalan-Valencian being spoken are also two significant variables, where the former is more
influential. The corresponding parsimonious statistical models (only with three regressors) have

®Palencia, a province with high literacy, had the highest concentration of seasonal schools in Spain (see Nuifiez (1992)
(p. 269)).

7Soria had an urbanization rate (percentage of the population living in the provincial capital or in towns with more
than 30,000 inhabitants) of 4.75%, compared to 69.65% of Madrid or 50.54% of Barcelona (data of 1900). The financial
effort of the municipalities of Soria has to be appreciated gauging the extent of the confiscation of municipal land by the
desamortizacién of 1855 (see Marin Gutiérrez (2015)).

%The correlation for boys is a little higher than that for girls: the correlation coefficient between per capita public expen-
diture in elementary education in 1908 and the male child literacy 71115 in 1910 is p = 0.7839.

%Tn 1860 the correlation coefficients were p = —0.1321, between birth rates and male literacy rates, and p = 0.0915,
between birth rates and female literacy rates. In 1910 the correlation coefficients were p = 0.0519 and p = 0.0027, re-
spectively; as for children, the correlation coefficients between birth rates and 711-15 were p = —0.0544 for boys and
p = —0.0659 for girls. The sources for the birth dates are Junta General de Estadistica (1861-1862) for 1860 (baptisms are
taken instead of births), and Direccién General del Instituto Geogréfico y Estadistico (1916) for 1910.

"There are no estimations of the GDP of this period disaggregated by province, but only by (present) region, and the
latter estimations can be considered tentative. The majority of the provinces of the Castilian core and half of the provinces
of the second cluster (Northern Plateau) are in the present region of Castilla y Leén. In 1900, the GDP per capita of Castilla
y Le6n was 91.2% of the Spanish average (see Alvarez Llano (1986) and Carreras et al. (2005)).

'In 1910 there was essentially no correlation between urbanization and literacy: the correlation coefficients were p =
—0.0030, between urbanization rates and male literacy rates, and p = 0.2065, between urbanization rates and female
literacy rates.
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coefficients of determination of round 90% for men and 86% for women. At any rate, further study,
considering local data, of the influence of linguistic variables suggests itself.
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Appendix1 Literacy rates (male, female and total aged 10 years old and
over) in Spain (1860, 1877, 1887, 1900 and 1910)

1860 1877 1887 | 1900 | 1910 1860 1877 1887 1900 1910 1860 1877 1887 | 1900 | 1910
Male T Male Ty Male | Male | Male | Female Ty, Female Ty | Female | Female | Female Total Ty Total Ty Total | Total | Total

(estimation) | (estimation) | Tjo Tio Tio (estimation) | (estimation) Tio Ty Tho (estimation) | (estimation) | Tjo Tio Tio
Alava 69.54 76.27 80.19 | 84.36 | 87.20 26.28 38.82 50.22 62.95 70.53 48.74 57.93 65.32 | 73.71 | 78.79
Albacete 25.66 28.37 33.44 | 36.56 | 40.08 7.71 10.72 14.23 17.78 21.99 16.60 19.42 23.80 | 27.15 | 31.05
Alicante 20.70 25.40 30.57 | 35.36 | 42.25 7.11 11.71 15.13 20.30 27.32 13.76 18.31 22.64 | 27.61 | 34.48
Almeria 21.05 24.13 2455 | 32.33 | 35.17 5.70 9.04 8.83 17.16 19.91 12.99 16.09 16.31 | 2441 | 26.85
Avila 45.09 54.17 59.03 | 63.57 | 68.08 9.73 18.98 27.70 35.79 43.50 27.54 36.42 43.17 | 49.39 | 55.44
Badajoz 28.08 32.38 35.52 | 35.32 | 42.55 10.85 16.39 19.72 22.33 29.24 19.74 24.48 27.74 | 28.87 | 35.90
Baleares 25.38 30.57 31.88 | 33.81 | 44.89 7.64 13.56 15.72 19.92 31.24 16.32 21.66 23.54 | 26.57 | 37.69
Barcelona 44.52 52.92 60.76 | 62.25 | 73.19 14.98 27.24 35.76 42.53 54.70 29.80 39.87 4791 | 52.03 | 63.54
Burgos 68.80 77.48 81.80 | 84.84 | 88.05 13.28 25.69 34.84 51.30 62.87 41.08 51.13 58.12 | 67.94 | 75.28
Céceres 36.35 40.13 4416 | 49.54 | 52.07 9.14 14.09 18.27 24.26 31.57 22.99 27.16 31.30 | 36.92 | 41.68
Cadiz 36.07 38.35 43.03 | 44.53 | 50.57 23.86 28.49 32.81 34.97 40.83 30.44 33.54 38.02 | 39.73 | 45.75
Canarias 18.53 21.37 23.57 | 31.51 | 32.13 8.94 12.95 17.66 24.39 28.10 13.09 16.71 20.19 | 27.58 | 29.86
Castellon 21.39 25.64 2795 | 35.11 | 42.53 4.58 8.62 9.16 17.26 23.94 12.94 16.95 18.55 | 26.12 | 33.16
Ciudad Real 30.28 33.56 36.48 | 39.32 | 42.63 8.36 13.73 16.65 20.68 23.88 19.42 23.64 26.53 | 29.88 | 33.17
Coérdoba 2525 29.12 34.85 | 35.46 | 38.58 10.84 15.56 19.07 21.83 26.70 18.01 22.29 26.94 | 28.65 | 32.66
Corufia 37.78 41.94 47.15 | 51.50 | 58.37 6.52 10.15 13.18 17.92 26.15 20.00 23.56 27.61 | 32.04 | 39.41
Cuenca 38.00 41.95 46.10 | 47.46 | 50.90 797 13.27 17.53 21.41 25.66 2292 27.41 31.73 | 34.37 | 38.23
Gerona 38.10 45.13 51.22 | 59.79 | 66.45 9.82 17.11 2413 34.38 46.75 23.94 31.09 37.72 | 47.00 | 56.58
Granada 23.87 20.33 26.50 | 31.23 | 38.19 9.21 10.52 13.97 18.69 25.44 16.48 15.35 20.16 | 24.88 | 31.71
Guadalajara 52.99 58.01 59.44 | 66.24 | 69.25 9.67 16.90 22.04 31.75 39.12 32.01 37.40 40.87 | 49.04 | 54.31
Guiptizcoa 31.51 40.72 47.70 | 58.16 | 67.41 15.89 27.20 35.85 49.62 61.48 23.64 33.93 41.64 | 53.75 | 64.34
Huelva 30.92 36.05 33.48 | 47.01 | 48.96 12.90 20.34 20.50 3240 36.32 22.02 28.24 27.24 | 39.66 | 42.64
Huesca 3447 41.09 46.82 | 55.70 | 59.99 5.76 11.61 16.79 27.32 35.38 20.54 26.58 3222 | 41.77 | 47.94
Jaén 23.85 26.69 30.36 | 2991 | 34.60 9.81 13.42 15.95 17.03 22.12 17.01 20.18 23.23 | 23.53 | 28.45
Ledn 60.10 67.44 73.05 | 76.53 | 81.31 8.91 15.08 19.42 30.30 43.02 33.27 39.71 44.78 | 52.08 | 60.71
Lérida 29.48 34.44 40.92 | 50.03 | 57.65 5.03 11.55 15.75 26.54 36.80 17.49 23.01 28.56 | 38.58 | 47.49
Logroio 59.14 63.62 67.43 | 70.73 | 74.58 22.35 30.95 37.84 46.49 56.03 40.23 46.73 52.23 | 58.28 | 64.87
Lugo 41.40 41.36 49.39 | 53.40 | 61.00 3.96 5.60 8.42 15.64 21.10 21.09 22.09 27.61 | 33.26 | 39.31
Madrid 61.53 72.25 7449 | 80.51 | 81.49 32.33 45.28 49.99 61.31 63.79 47.58 58.59 61.95 | 70.37 | 72.14
Malaga 23.27 24.27 27.36 | 29.94 | 30.64 11.04 14.25 16.33 20.31 20.68 17.14 19.11 21.69 | 25.00 | 25.54
Murcia 2412 27.26 29.97 | 35.12 | 39.57 8.38 12.25 14.45 21.20 22.78 16.22 19.64 2214 | 28.08 | 31.04
Navarra 48.66 54.45 59.88 | 68.02 | 72.19 19.30 30.51 38.72 52.48 61.00 34.00 42.69 49.16 | 60.11 | 66.47
Orense 36.02 38.10 45.85 | 49.50 | 48.21 3.11 5.28 7.50 12.15 26.75 18.51 20.48 25.29 | 29.10 | 36.43
Oviedo 51.25 58.28 64.90 | 69.63 | 79.78 9.67 15.60 22.83 33.12 56.32 27.94 34.10 41.26 | 49.70 | 66.76
Palencia 68.27 77.19 80.45 | 83.12 | 86.92 15.26 28.40 36.14 48.57 61.12 41.92 52.46 58.12 | 65.62 | 73.71
Pontevedra 47.86 51.69 53.95 | 57.28 | 65.13 4.34 9.16 11.75 18.19 28.72 2249 26.55 28.67 | 33.71 | 43.22
Salamanca 50.67 59.72 65.53 | 71.71 | 76.39 12.11 22.88 30.96 4414 51.47 31.39 40.93 48.03 | 57.64 | 63.40
Santander 72.81 78.97 83.18 | 80.87 | 91.37 19.89 3227 43.34 57.06 83.92 44.00 53.21 61.29 | 68.05 | 87.34
Segovia 65.27 72.10 78.18 | 82.37 | 87.26 14.92 26.81 37.68 50.07 62.68 40.55 49.44 57.95 | 66.19 | 74.83
Sevilla 31.29 36.43 39.39 | 47.76 | 47.65 16.93 23.84 26.47 34.65 34.88 24.33 30.15 3292 | 41.13 | 41.20
Soria 68.67 75.50 78.74 | 82.32 | 83.94 10.80 18.86 27.03 39.02 50.60 38.75 45.60 51.65 | 59.73 | 66.53
Tarragona 31.64 36.20 4224 | 47.82 | 54.37 8.56 15.76 22.02 29.31 38.49 19.99 25.84 32.14 | 38.49 | 46.36
Teruel 36.74 40.55 4473 | 49.66 | 54.42 5.38 9.66 14.49 21.61 25.82 20.69 24.60 29.37 | 35.55 | 40.12
Toledo 36.23 39.37 43.81 | 44.57 | 49.40 10.97 17.50 23.58 26.29 31.82 23.96 28.58 33.80 | 35.45 | 40.61
Valencia 26.81 26.26 35.41 | 41.30 | 4491 8.90 13.35 18.12 23.62 28.95 17.77 19.71 26.70 | 32.37 | 36.86
Valladolid 60.39 67.85 72.08 | 74.87 | 78.87 18.76 29.73 37.50 46.72 55.71 39.97 48.33 54.62 | 60.38 | 66.84
Vizcaya 46.89 55.64 63.75 | 72.64 | 80.59 19.77 30.00 39.33 52.37 63.84 32.66 42.59 51.24 | 62.51 | 71.87
Zamora 54.76 61.64 70.28 | 76.94 | 79.29 11.03 18.02 24.20 32.30 41.89 32.41 39.03 46.38 | 53.57 | 59.22
Zaragoza 33.02 40.99 46.33 | 49.84 | 55.50 9.39 16.80 22.77 29.77 38.09 21.40 28.74 34.53 | 39.64 | 46.59
Melilla y PS. 40.28 49.42 57.46 | 53.79 | 64.12 4495 45.81 50.42 50.31 46.07 40.74 48.72 56.22 | 52.77 | 60.15
ESPANA 38.90 43.51 48.18 | 52.69 | 57.55 11.14 17.86 22.84 30.54 38.55 24.78 30.27 35.14 | 41.24 | 47.68
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Appendix 2 Literacy rates (male, female aged 11-15) in Spain (1887, 1900

and 1910)

1887 1900 1910 1887 1900 1910

Male Male Male | Female | Female | Female

Tiio1s | Tiioas | Tiioas | Thioas | Thiois | Thioas

Alava 83.94 83.88 88.63 69.76 77.80 84.15
Albacete 27.21 27.99 31.06 16.84 19.85 25.04
Alicante 23.81 35.75 34.32 16.31 26.63 28.73
Almeria 15.49 26.61 26.83 8.19 19.61 21.47
Avila 58.94 60.61 65.25 45.36 50.55 59.61
Badajoz 32.15 27.90 42.67 25.21 23.26 40.49
Baleares 26.10 30.17 45.33 18.57 24.62 40.21
Barcelona 61.28 61.27 73.81 46.14 52.35 66.01
Burgos 84.57 83.40 87.18 61.26 71.76 80.05
Céceres 39.88 40.81 43.67 23.24 29.47 34.43
Cadiz 35.03 37.94 37.87 31.94 34.54 40.46
Canarias 20.85 28.20 28.39 22.23 28.81 31.05
Castell6n 21.05 3241 39.91 10.67 24.19 32.65
Ciudad Real | 30.87 | 34.52 31.43 19.13 23.96 23.55
Cordoba 29.82 26.91 30.94 22.71 22.90 29.22
Corufia 42.06 | 47.20 56.23 20.43 28.54 39.73
Cuenca 40.11 37.71 42.65 23.62 24.49 29.18
Gerona 55.71 63.96 71.26 34.69 49.12 63.15
Granada 19.05 24.61 32.56 14.93 20.37 26.37
Guadalajara | 55.87 | 61.67 | 64.79 31.39 43.38 51.39
Guiptizcoa 54.47 67.49 75.87 48.87 66.72 77.11
Huelva 25.74 38.00 | 44.97 22.08 33.47 40.90
Huesca 50.40 65.25 64.26 27.15 49.24 54.79
Jaén 27.25 22.66 23.92 20.28 18.23 12.54
Le6n 66.08 69.86 77.75 28.09 41.54 60.46
Lérida 43.05 57.50 62.96 25.05 4591 55.03
Logrofio 67.27 | 69.02 73.62 54.04 59.99 69.00
Lugo 39.93 43.11 51.55 12.27 17.45 30.25
Madrid 72.48 77.82 77.06 58.01 72.01 69.78
Malaga 22.86 24.54 21.28 17.00 22.57 19.48
Murcia 23.92 28.06 28.51 15.85 21.33 21.72
Navarra 66.15 76.42 76.00 55.99 72.47 76.38
Orense 37.94 39.65 43.66 12.13 18.34 32.01
Oviedo 62.60 66.13 79.92 32.42 36.64 68.67
Palencia 80.86 80.56 85.47 53.54 63.26 75.69
Pontevedra 44.25 49.55 59.94 17.29 26.78 43.95
Salamanca 68.40 72.40 76.22 49.87 60.80 68.53
Santander 85.36 82.91 93.88 59.89 66.12 91.56
Segovia 80.74 81.19 86.28 57.21 66.35 77.73
Sevilla 32.96 46.40 38.03 28.82 39.67 33.62
Soria 80.01 82.16 85.38 47.96 60.39 77.21
Tarragona 44.53 | 47.67 | 59.39 31.26 39.45 53.54
Teruel 45.81 49.45 51.91 23.93 3491 36.09
Toledo 38.21 35.36 38.06 27.79 27.90 32.46
Valencia 29.35 35.94 38.36 19.41 26.71 29.58
Valladolid 72.28 71.32 75.66 52.54 57.12 65.02
Vizcaya 67.76 76.96 85.80 52.48 68.61 78.41
Zamora 67.74 75.03 75.38 37.14 47.83 59.42
Zaragoza 49.87 | 50.02 56.71 33.51 39.24 50.35
Melillay PS. | 63.00 62.93 60.05 65.69 57.61 49.46
ESPANA 44.33 49.11 53.43 29.58 38.07 45.90
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days using a water-resistant patch, with two patches provided in case of replacement. INE staff ad-
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1 Introduction

A healthy lifestyle, characterized by regular physical activity, reduced sedentary behav-
ior, and sufficient sleep, plays a crucial role in reducing morbidity and mortality DelPo-
zoCruz2022.JAMAInternalMedicine, McGregor2021.European]ournalOfPreventiveCardiology.
The World Health Organization (WHO) and national guidelines recommend at least 150 minutes
of moderate-intensity or 75 minutes of vigorous-intensity aerobic physical activity per week, along
with muscle-strengthening exercises twice a week (Bull et al., 2020), to promote health (L6pez-Bueno
et al., 2023). Additionally, limiting sedentary time (Bull et al., 2020) and ensuring 7-9 hours of sleep
per night (Watson et al., 2015) are associated with a lower risk of chronic disease and improved
quality of life.

Despite their well-documented benefits, accurately assessing these behaviors at the population
level remains challenging. National health surveys, such as the Spanish Health Survey (ESdE),
primarily rely on self-reported questions, which are currently the only widely available tool for
assessing lifestyle behaviors at the population level. While these self-reported measures are cost-
effective and provide valuable information, it is important to recognize their inherent limitations,
such as recall bias, social desirability bias, and limited ability to capture incidental or unstructured
movement. These limitations may lead to some degree of misclassification and potential underesti-
mation of associations between lifestyle behaviors and health outcomes. Therefore, complementary
objective measures, such as accelerometry, can enhance the accuracy and depth of data collected in
national health surveys, improving public health monitoring and research (Pedi$i¢ and Bauman,
2015).

Accelerometers, commonly embedded in smartwatches, activity trackers, and smartphones,
capture continuous movement data with high temporal resolution, enabling more precise detection
of physical activity intensity, sedentary patterns, and sleep behaviors. Large-scale epidemiological
studies, such as NHANES in the United States (Matabuena et al., 2022), the UK Biobank (del
Pozo Cruz et al., 2022,?), and the SHARE study in Europe (del Pozo Cruz et al., 2023), have success-
fully incorporated accelerometry to enhance population-level lifestyle surveillance, demonstrating
its feasibility and scientific utility.

However, the feasibility of integrating accelerometry into ESAE remains unexplored, limiting the
expansion of objective lifestyle data at the population level. Given that self-reported data inherently
depend on respondents’ recall and perception, complementary objective measurements could pro-
vide valuable additional insights. This study assessed the feasibility of implementing accelerometers
in ESAE to objectively measure physical activity, sedentary behavior, and sleep patterns. Specifically,
we evaluated participant compliance, device usability, and adherence to wear protocols, while also
comparing accelerometer-derived data with self-reported measures to identify potentential discrep-
ancies between subjective and objective assessments. Additionally, we examined operational and
logistical challenges, including device distribution, retrieval methods, and data processing, to assess
the practicality of large-scale implementation. By addressing these objectives, this study provides
insights into the feasibility of using accelerometers in national health surveys, identifying potential
barriers and facilitators for their future application in large-scale public health monitoring.
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2 Methods

2.1 Study Design and Participants

This feasibility study was conducted within the framework of ESAE to assess the integration
of accelerometers into routine population health data collection. The study was carried out in
collaboration with the Spanish National Statistical Institute (INE) and implemented across five
provincial INE delegations. Each delegation recruited 20 volunteers, resulting in a total sample of
100 participants. Participants were recruited through the INE network and volunteers from each
delegation. While this was a convenience sample, efforts were made to ensure an even distribution
of participants across age groups (30-90 years) and sex. The study was conducted in accordance
with the principles of the Declaration of Helsinki. Participants signed an informed consent form
before taking part in the study and were informed verbally about its details.

To evaluate different data collection approaches, the first 10 participants recruited in each dele-
gation were assigned to the home-based collection group, while the remaining 10 participants were
assigned to the prepaid return group. In the home-based collection group, trained INE personnel
visited participants” homes, administered the ESAE questionnaire, provided the accelerometer, and
returned after the monitoring period to collect the device. In the prepaid return group, participants
received the accelerometer during the ESAE visit, along with a prepaid envelope to return the
device by mail after the monitoring period. All participants were instructed to wear a SENS ac-
celerometer on their thigh continuously for 7 to 10 consecutive days, day and night, without removal.

2.2 Training and Data Collection Procedures

A standardized training session was conducted at the central INE offices to ensure adherence to
study protocols across all delegations. Fieldworkers from the five provincial delegations participated
in face-to-face hands-on training, where they received all necessary materials and devices. The
session covered proper accelerometer placement, participant guidance, device retrieval logistics for
home visits and prepaid returns, and quality control measures for data validation. Additionally,
participants attended a remote session on administering the ESAE questionnaire.

Participants were instructed to wear the device continuously without removal, as the patch
was water-resistant, allowing them to wear it while showering and engaging in daily activities.
To account for potential adhesion issues, each participant received two patches, enabling them
to replace the device if detachment occurred. Compliance was monitored through self-reported
adherence logs, and participants were encouraged to report any issues with device wear.

2.3 Accelerometer Device and Data Processing

The SENS accelerometer was selected for its validated capability to measure physical activity,
sedentary behavior, and sleep patterns. This waterproof triaxial accelerometer (45 x 23 x 5 mm,
6 g) was designed to be worn on the thigh, approximately 10 cm above the lateral epicondyle,
using a skin-attached patch specifically designed for the device. It recorded acceleration at 12 Hz,
capturing orientation and movement intensity. Data were transmitted wirelessly to a smartphone
application every 10 minutes when within range or stored for later transmission. Anonimized raw
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data were automatically uploaded to a secure web server for processing. A previously validated
rule-based, activity pattern recognition algorithm was used to process the data (Pedersen et al., 2022;
Milther et al., 2023; Bartholdy et al., 2018; McGrosky et al., 2025). Recorded data were analyzed in
5-second epochs, categorizing each interval into one of nine predefined activity categories based
on movement frequency, intensity, and sensor orientation using a validated pattern-recognition
algorithm. These categories included Resting (lying or sitting rest), Lying or Sitting Movement,
Standing, Sporadic Walking, Walking, Moderate Intensity, High Intensity or Running, Cycling,
and Steps Taken. Step detection was based on FFT frequency-domain analysis, differentiating
between sporadic, continuous, and high-intensity steps. The intensity count, ranging from 0 to
100, was derived from high-pass filtered accelerometer data, subtracting noise to ensure accurate
classification. Standing was identified with intensity values below 2, sporadic walking fell between
2 and 10, continuous walking was detected between 10 and 50, moderate-intensity activities such as
slow running ranged between 50 and 75, and high-intensity activities such as fast running exceeded
75.

Bedtime was detected within a predefined nighttime window between 6:00 PM and 1:00 AM,
ensuring a focus on nocturnal rest while excluding daytime naps. Sleep onset was estimated as the
last walking episode lasting more than one minute between 6:00 PM and 1:00 AM, while wake time
was identified as the first walking episode lasting at least 30 seconds between 5:00 AM and 12:00 PM.
Once these parameters were established, sleep was further classified into three categories based on
movement patterns: Sleep No Movement, Sleep Movement, and Sleep Active. Sleep No Movement
was characterized by a horizontal body position within +45 degrees, with an intensity count below 2,
indicating minimal or no movement. Sleep Movement occurred when the participant remained in a
lying position but exhibited low-to-moderate movement, classified by an intensity count above 2. To
improve classification accuracy, detected movements were assigned an additional 30 seconds before
and after the event. This category primarily represented lighter sleep stages, where movement was
more frequent. Sleep Active identified episodes in which the participant was standing upright within
+45 degrees during sleep periods, regardless of whether movement occurred. This classification was
indicative of brief awakenings or nighttime restlessness.

2.4 Feasibility Assessment

Feasibility was evaluated by assessing compliance rates, return rates, participant burden, and
operational challenges. Compliance was monitored through self-reported adherence logs, and
participants were encouraged to report any issues with device wear. Compliance rates were
determined by the percentage of participants who wore the accelerometer continuously for at
least 7 valid days (or 10 days when applicable), without non-wear periods. Return rates were
measured as the percentage of devices successfully retrieved. Participant burden was assessed
through self-reported feedback on ease of use, comfort, and willingness to participate in future
similar studies. Operational challenges were documented based on fieldworker feedback regarding
recruitment, device management, and logistical difficulties. A focus group was conducted with the
interviewers involved in data collection to discuss practical challenges and perceptions of feasibility.
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2.5 Comparison with Self-Reported Measures

To evaluate potential discrepancies between subjective and objective assessments, participants
completed a questionnaire as part of the ESAE survey, which inquired about their physical activity
and sedentary behavior. The questionnaire included questions about the number of days per week
they engage in moderate-to-vigorous physical activities (MVPA) such as sports, gymnastics, cycling,
or brisk walking for at least 10 consecutive minutes, as well as the total amount of time dedicated to
these activities in a typical week, reported in hours and minutes. Sedentary behavior was measured
by asking participants to report the total amount of time they spend sitting on a typical day,
including time spent at work, home, studying, reading, commuting, or engaging in leisure activities
such as watching television.

In this study, we focused on comparing sedentary time between self-reported and accelerometer-
derived data, as sedentary behavior represents a comparable construct across both methods.
Sedentary time was estimated from accelerometry using the sum of time spent resting while sitting
or lying down and moving while sitting.

In contrast, accelerometer-derived physical activity and self-reported MVPA represent different
but complementary constructs. Accelerometry captures a continuous and comprehensive spectrum
of movement intensity and patterns throughout the day, including incidental and unstructured activ-
ities that are not fully captured by questionnaire items focused on specific types of physical activity
performed in bouts of at least 10 minutes. Therefore, direct comparison between accelerometer-
measured physical activity and selfreported MVPA is not appropriate. Instead, these methods pro-
vide complementary insights that together offer a more complete understanding of participants” ac-
tivity behaviors.

2.6 Statistical Analysis

Descriptive statistics were used to summarize participant characteristics, wear-time compliance, and
device return rates. Compliance and return rates were reported separately for each data collection.
Agreement between self-reported and accelerometer-derived sedentary time was assessed using
Bland-Altman plots, intraclass correlation coefficients (ICC), and Spearman’s correlation coefficients.
All analyses were conducted in R (v4.3.1), and statistical significance was set at p < 0.05.

3 Results

3.1 Feasibility and Implementation Outcomes

The study initially enrolled 100 participants, all of whom were given the option to wear the device
for 7 to 10 days. Compliance was excellent, with no data loss except for one participant who
only wore the device for 2 days, leading to their exclusion from the final dataset and reducing the
number of valid participants to 99. Additionally, one participant lost the device before wearing it,
meaning they were recruited but did not contribute usable data, further reducing the dataset to 98
participants with valid measurements. Table 1 and Table 2 shows the participants characteristics and
accelerometer-derived lifestyle behaviors measurements, respectively.
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For data collection, devices were either picked up at home or returned via mail. While no devices
were lost during home-based pickups (100returned via mail (85devices were lost, all data were
successfully recovered. As a result, the final dataset consisted of 98 participants, all with complete
and usable data for analysis.

A virtual focus group was conducted with the interviewers involved in device placement and
retrieval to assess feasibility. Interviewers reported that, overall, the study procedures were feasible
and well-received by participants. However, several operational challenges emerged. Some partici-
pants, particularly older adults, required in-person assistance for device placement despite receiving
written instructions. Participants with hairy thighs reported difficulties with adhesion, which some-
times led to early detachment or discomfort. In some cases, individuals initially hesitated to wear the
device due to concerns about having an unfamiliar object attached to their body, but most reported
that they stopped noticing it after a few days. Some participants also requested reminders to remove
the device at the end of the monitoring period, although this was not strictly necessary since the
device automatically stopped recording on the programmed date.

3.2 Device Placement and Technical Issues

During the implementation of the preference-based device placement method, several minor
incidents were reported. Three participants required assistance with device attachment due to
physical limitations or lack of confidence with the device, but the remaining 95 participants were
able to self-administer it successfully.

Adhesion issues were reported in two cases, particularly after prolonged wear or water exposure,
requiring device replacements. Although the device was water-resistant, some detachment incidents
(e.g., swimming, clothing changes) suggest that improved guidance on device maintenance and
reattachment could enhance compliance.

Additionally, some participants reported skin-related or usability concerns, including mild
irritation, difficulties in device removal due to strong adhesion, and interference caused by body
hair affecting proper placement. Furthermore, some older participants expressed reluctance to use
the device due to perceived discomfort. In general, however, most participants reported that, after
the initial adjustment period, wearing the accelerometer was not bothersome.

Lastly, two MRI scans had to be repeated because participants did not remove the device, high-
lighting the need for clearer instructions regarding MRI compatibility.

3.3 Comparison with Self-Reported Measures

For sedentary time, Bland-Altman plots revealed a systematic underestimation of sitting time in self-
reported measures, with the mean difference significantly below zero (Figure 1). This suggests that
individuals tend to report less sitting time compared to accelerometer-derived estimates. The lim-
its of agreement were wide, reinforcing the high variability of self-reported sedentary time (Figure
1). Intraclass correlation coefficients (ICC) were notably lower than for physical activity, with ICC
values ranging from -0.05 (single absolute agreement) to 0.43 (average fixed raters), indicating poor
agreement (Table 3). Spearman’s correlation coefficient (rho = 0.39, p < 0.001) further supported this
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finding, suggesting that self-reported sedentary time is a weak proxy for objectively measured sitting
time.

Bland-Altman Plot: Sedentary Time
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Figure 1: Mean of self-reported and accelerometer sedentary time (min/day)

4 Discussion

This study support preliminary evidence of feasibility of integrating thigh-worn accelerometers
into ESAE, with high compliance, minimal data loss, and effective logistics for device placement
and retrieval. However, certain practical challenges emerged that should be considered for future
large-scale implementation.

One of the main challenges identified was related to device placement and participant adherence.
While most participants self-administered the device, some required assistance, particularly older
adults. This aligns with previous research, where older individuals have shown greater difficulty
following placement instructions, often requiring additional guidance to ensure compliance (Alaqil
et al., 2024). Similarly, past studies have highlighted adhesion issues, particularly with prolonged
wear and exposure to water (Alaqil et al., 2024). Although providing two patches in this study
helped address some of these challenges, improved guidance on reattachment and skin preparation
could further reduce these issues.

Initial reluctance to wear the device was reported by some participants, primarily due to concerns
about having an unfamiliar object attached to their body for an extended period. However, most
reported that these concerns diminished after a few days, which is consistent with findings from
previous feasibility studies on wearable accelerometers (Hamer et al., 2020). Furthermore, several
participants requested reminders about when to remove the device at the end of the study period.
While this did not impact data collection due to the device’s pre-programmed recording period,
it suggests that additional communication strategies could enhance participant engagement and
adherence in future large-scale implementations.

The high compliance and feasibility outcomes observed in this study are in line with previous
research examining accelerometer wear time and usability (Milther et al., 2023; Alaqil et al., 2024;
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Hamer et al., 2020). Studies evaluating accelerometer feasibility in population-based surveys have
consistently shown high adherence, particularly when devices are comfortable, waterproof, and
accompanied by clear instructions. Research on thigh-worn accelerometers has demonstrated their
capacity to reliably capture physical activity and sedentary behavior, reinforcing their suitability for
large-scale public health surveillance.

Our results suggest that some discrepancies may exist between self-reported and accelerometer-
derived sedentary time. We found that our participants tended to self-report less sedentary time
compared to the sedentary time recorded by the accelerometer. This finding is consistent with
previous evidence showing a systematic underestimation of sedentary time in undergraduate
students (Nelson et al., 2019), adults (Arango Vélez et al., 2020), or older women (Shiroma et al.,
2015), where self-reported sedentary time was underestimated when compared with accelerometer
measurements.

However, it is important to recognize that self-reported questionnaires and accelerometry capture
different yet complementary aspects of physical activity and sedentary behavior. Questionnaires,
such as those used in ESAE, provide valuable contextual information about the type, setting, and sub-
jective experience of physical activity, which cannot be fully captured by accelerometers. Conversely,
accelerometers offer continuous, objective data on movement patterns, intensity, and duration, in-
cluding incidental and unstructured activities often missed by self-report. Integrating self-reported
and accelerometer-derived data can enrich our understanding of lifestyle behaviors. This combined
approach enhances the precision and contextualization of physical activity and sedentary behavior
assessment, providing a more comprehensive foundation for public health monitoring of lifestyles.

Implications for Future Research and Policy

If confirmed in larger studies, our results may support the potential scalability of accelerom-
etry in national health surveys. However, several refinements should be considered for future
implementation. First, improving instructions on device placement—particularly for older adults
and those with long body hair—may enhance adherence. Additionally, the study highlights the
importance of participant education to address trust issues and initial hesitation regarding the device.

From a methodological perspective, integrating accelerometers into national surveys presents
clear advantages over including self-reported measures only. The current approach in ESAE relies on
self-reported assessments of physical activity and sedentary behavior. Although the physical activity
questions included in the ESdE are standardized within the European Health Interview Survey
(EHIS), they do not originate from a full validated questionnaire—i.e., a tool rigorously tested for
reliability and accuracy across populations but rather consist of a set of independent questions
designed to capture selected aspects of activity patterns. This limits their ability to comprehensively
assess movement behaviors and introduces challenges when comparing results with studies using
validated instruments.

One of the key features of the current ESAE approach is its use of a 10-minute bout criterion for
physical activity reporting, which aligns with the standardized methodology agreed upon by EHIS
and member states. While this approach provides a consistent framework for data collection and
comparison across countries, recent evidence suggests that accumulating shorter bouts of movement
throughout the day may also contribute significantly to health benefits (Stamatakis et al., 2025;
Ahmadi et al., 2022). Incorporating accelerometry into the survey offers an opportunity to capture
these shorter, incidental, and unstructured activities, thereby enhancing both the quantity and
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quality of information on real-world movement patterns and overall energy expenditure.

Additionally, current self-reported measures primarily capture structured physical activities,
such as sports participation and active transportation, which provide valuable information within
these domains. However, a wide range of daily movements—including household chores, occu-
pational movement, and spontaneous short bouts of physical activity—may not be fully captured
by questionnaires. These types of activities can be objectively recorded using accelerometers
(Stamatakis et al., 2025). Given the growing evidence supporting the health benefits of lightintensity
activities (del Pozo Cruz et al.,, 2021),integrating objective measures alongside self-reports can
provide a more complete picture of overall physical activity levels.

Another important consideration is the inherent limitations of self-reported methods in ac-
curately assessing sedentary behavior. While the ESAE includes questions on total sitting time,
self-reported sedentary behavior is subject to recall bias and may underestimate true sedentary time.
Accelerometry offers continuous, objective data on sedentary patterns, including prolonged bouts
of uninterrupted sitting, which are particularly relevant due to their association with adverse health
outcomes (Saunders et al., 2020).

Beyond physical activity and sedentary behavior, sleep duration and patterns are not currently
assessed in the ESAE, despite being a key component of lifestyle and health. Accelerometers offer the
advantage of capturing both movement and sleep parameters, providing a more complete picture
of daily behaviors that impact health. The inclusion of sleep monitoring in future national health
surveys could offer valuable insights into its interaction with physical activity and sedentary time,
further strengthening public health surveillance.

Despite these advantages, it is important to acknowledge that accelerometers cannot measure
all aspects of physical activity, particularly muscle-strengthening exercises, which are included in
the current survey, albeit only the number of days dedicated to it and not time. Resistance training
activities often involve minimal movement at the acceleration level detectable by these devices,
making it necessary to maintain a complementary role for selfreported information in certain
domains. However, combining accelerometry with contextual self-reported data would enhance the
interpretability of results, allowing for a better understanding of when, where, and why individuals
engage in specific movement behaviors.

Given its ability to objectively and comprehensively assess movement behaviors, policymakers
should consider the long-term integration of accelerometry into national health surveillance. This
would improve the precision of lifestyle behavior monitoring, provide stronger epidemiological ev-
idence, and support the development of more effective public health strategies to promote physical
activity and reduce sedentary time at the population level.

4.1 Conclusions

This study provides preliminary evidence of the feasibility of using thigh-worn accelerometry for
objective lifestyle monitoring within ESAE. Despite minor adhesion and usability challenges, com-
pliance was excellent, and no data loss occurred among participants who met the minimum wear-
time criteria. Most participants successfully self-administered the device, reinforcing its scalability
for large population-based surveys. Self-reported measures tend to overestimate physical activity
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and underestimate sedentary time, reinforcing the importance of integrating accelerometry into fu-
ture national surveys. Moving forward, a combined approach using both self-reported and objective
measures may enhance the accuracy of population-level lifestyle assessments.
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Table 1. Characteristics of participants in the study [n=100)

87

Variablg

Value

Age (y13.)

53

48 (14.78)

Female n %

Employed, n, %

Univerzity graduate or above, n, %

Spanish, ves, %

Married, n, %

Self-reported health status, n, %%

WVery good

Good

Fair

Bad

Very bad

Body Mazs Index (Kg/m®)

540 (4.04)

No smoker, n, ¥

55 (35.0%)

Alcohol intake n, %

3-6 days per week

140(14.0%)

3-4 days per week

1-2 days per week

1-2 days per week

2-3 days per month

Once per month

Less than once per month

None in the last 12 months

Never

Chronic dizeasze, yes n, %

No limitations, n, %

&5 (65.0%)
66 (66.0%)

Difficulty walking 300 meters, no difficulty, n, %

94 (94.0%)

Difficulty climbing up or down 12 steps, no difficulty, n, %

01 (91.0%%)

Physical activity main occupation, n, %

Sitting most of the time

63 (63.0%)

Standing up most of the time

21 (21.0%%)

Walking most of the time

10(10.0%)

Engaging in tasks that require high physical effort

Not applicable

Do not know/de not answer

(2.0%)

Frequency of leisure time physical activity, n, %

Never

14(14.0%)

Phyzical activity cccasionally

18 (19.0%)

Physical activity several times per month

17017.0%)

30 (50.0%:)

Physical activity several times per week
Walking for transport 10 minutes or more, davs, n, %

| e[ ] i [ | b | v |

Crcling for transport 10 minutes or more, days, n, %

N [P ] P et

a s

Moderate-to-vigerous physical activity (min/day)

Sitting time {min/day)

Values are mean {SD) unless otherwise stated
T
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Table 2. Accelerometer-derived descriptive statistics (n=98)

Valid days 839(1.22)
Sitting (min/day) 569.05 (114.95)
Sitting with movement (nun/day) 20.03 (14.24)
Standing (min/day) 106.52 (40.10)
Sporadic walking (min/day) 104.14 (25.92)
Walking (min/day) 126.00 (35.28)
Moderate-intensity activity (min/day) 21.82 (20.10)
High-intensity activity-running (min‘day) 3.48(7.17)
Cycling (min/day) 339 (6.72)

| Bestorative sleep (min‘day) 389.91 (66.14)
Bestless sleep (min‘day) 76.67 (33.07)
Active while sleep (min/day) 3.20 (421

Sit-to-stand transitions (count)

72.95 (21.01)

Dailv steps. brisk walking

10710.13 (4281.88)

Daily steps, slow walking

2465.07 (608.54)

Daily steps, sporadic walking 3339.82 (905.53)
Valid days, weekdays 6.15(1.17)
Sitting (min/day), weekdays 572.54 (118.31)
Sitting with movement (min/day), weekdays 2047 (14.33)

Standing (min/dav)_ weekdays

107.75 (41.92)

Sporadic walking (min/dav), weekdays

104.41 (27.70)

Walking (min/day), weekdays

127.04 (38.12)

Moderate-intensity activity (min/day). weekdavs 2332 (21.46)
High-intensity activity-running (min‘day), weekdays 355 (7.31)

Cycling (min/day), weekdays 279 (4350
Restorative sleep (min‘dav), weekdavys 382.64 (63.47)
Restless sleep (muin/day), weekdays 73.96 (33.44)
Active while sleep (min/day), weekdays 239 (2.65)
Sit-to-stand transitions (count). weekdays 74.58 (22.13)

Daily steps, brisk walking, weekdays 10922 88 (4478.43)

Dailv steps, slow walking, weekdavs

2465.87 (648.95)

Daily steps_ sporadic walking_ weekdays

3365.33 (972.98)

WValid days, weekend days

2.23 (0.55)

Sitting (min/day), weekend davs

555.67 (150.46)

Sitting with movement (min/day), weekend davs

28.02 (17.31)

Standing (min‘day), weekend days

105.16 (46.60)

Sporadic walking (min/day), weekend days

105.31 (35.08)

Walking (min/dav), weekend davs

125.94 (44.60)

Moderate-intensity activity (min/day), weekend days 17.35 (19.46)
High-intensity activity-running (min‘/day). weekend davs 3.28 (8.45)
Cycling (min/day), weekend days 4.80 (14.08)

Restorative sleep (min/dav), weekend days

409.16 (93.77)

Restless sleep (min‘day), weekend days

§4.88 (40.51)

Active while sleep (min/day). weekend davs 489 (12.8%)
Sit-to-stand transitions (count), weekend days 69.78 (25.35)
Daily steps, brisk walking, weekend days 10247 68 (4919.97)

Daily steps, slow walking, weekend days

2509.35 (837.73)

Daulv steps, sporadic walking, weekend davs

3351.33 (1121.57)

Values are mean (SD) unless otherwise stated
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Table 3. Intraclass correlation coefficients, Sitting time (n=98)

89

Type ICC | Value | p-value | Lower Bound | Upper Bound
Single raters, absolute ICC1 | -0.055 0.70 -0.248 0.14
Single random raters ICC2 | 0.163 <0.01 -0.055 0.37
Single fixed raters ICC3 | 0.277 <0.01 0.086 0.45
Average raters, absolute ICClk | -0.117 0.70 -0.658 0.25
Average random raters ICC2k | 0.280 <0.01 -0.116 0.54
Average fixed raters ICC3k | 0.434 <0.01 0.159 0.62
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Abstract: In this paper, we propose to estimate the circular density function by the semiparametric
bias-corrected circular kernel method using the particular von Mises kernel. This method consists to
apply a multiplicative bias correction for the initial parametric model in order to improve the quality
of the estimator as well as the bias. Two semiparametric estimators Hjort and Glad (1995) (HG) and
Jones, Signorini, and Hjort (1999) (JSH) for probability density estimation are applied on circular data
with support [0, 27). The properties of the latter are reported such as the bias, the variance and the
mean square error integrated (MISE). A comparative study is performed to evaluate the performance
of the semiparametric estimator (HG and JSH). The popular cross validation technique is adapted for
bandwidth selection. A simulation and a real data application for circular data illustrate in terms of
integrated squared bias (ISB) and integrated squared error (ISE) that the semiparametric estimators
JSH and JLN with the von Mises kernel perform better than the classical and HG estimators.

Keywords: Bandwidth selection, Circular data, Cross validation, Multiplicative bias correction MBC,
von Mises kernel

MSC: 60E05, 62P99

1 Introduction

In recent years, circular data analysis has received a lot of interest in the statistical literature, be-
cause they appear in several areas, such as biology (Batschelet, 1981), ecology (Jammalamadaka and
Lund, 2006), meteorology (Bowers et al., 2000), sociology (Brunsdon and Corcoran, 2006), medicine
(Mooney et al., 2003) and biomechanics (Mann et al., 2003). Given a random sample ©1,03,...,0,
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which take values in [0, 27) from some unknown density f, the nonparametric kernel density esti-
mator of circular data proposed by (Hall et al., 1987), is given by f(#) = (1/n) o ku(0—©;), where
& > 0 is the estimation point and v is the bandwidth parameter, this estimator is applied by several
authors: (Bai et al., 1988), (Klemeld, 2000), (Taylor, 2008), (Marzio et al., 2009), (Marzio et al., 2011),
(Oliveira et al., 2012), (Amiri et al., 2017), (Tsuruta and Sagae, 2017) and (Bedouhene and Zougab,
2019).

The multiplicative bias correction (MBC) technique improved the kernel estimation by reducing
the order of magnitude of the bias from O(v~!) to O(v~2). Notice that the MBC techniques were
originally proposed in linear symmetric and asymmetric kernel density estimation by (Terrell and
Scott, 1980) (TS estimator) and (Jones et al., 1995) (JLN estimator). This techniques are later used by
several authors: (Hirukawa, 2010; Hirukawa and Sakudo, 2014; Zougab and Adjabi, 2016; Funke and
Kawka, 2015; Zougab et al., 2018) in continuous situation. (Harfouche et al., 2018) and (Harfouche
etal., 2020) in discrete case. Recently, (Bedouhene and Zougab, 2019) applied the MBC techniques on
the circular data which made it possible to improve the quality of the estimate by reducing the order
of magnitude of bias from O(v—1!) to O(v=2).

An alternative to nonparametric method, is the semiparametric estimate of the probability den-

sity proposed by (Hjort and Glad, 1995) (HG), using symmetric kernels for linear case. The idea of
the latter, is to develop an estimator composed of two parts, the first one is the parametric, and the
second represents the non-parametric correction function, this allows to modify the bias and keeps
the variance; see also (Hagmann and Scaillet, 2007) using asymmetric kernels and (Kokonendji et al.,
2009) using discrete kernels.
The present paper mainly focuses on two objectifs. The first objective is to investigate the semipara-
metric estimator on circular data and to develop the associated properties by using the Taylor series
approximations. This has not yet been done in the literature. This work will give an idea on the ef-
ficiency of the semiparametric estimator compared to the nonparametric estimator on circular data.
The semiparametric estimator given by

F(0) = g(0)7(6).0 € [0,2m), (1)

where g(6) is an initial density estimator and #(d) = f(0)/g(f) is the correction factor. Based on the
estimator defined by (1), several cases can be obtained by changing the function g, this allows us to
extend the study to a more general study that includes several modes of estimating the probability
density in the case of circular data. The function g can takes several forms: the uniform distribu-
tion g = 1/27 which gives a classical kernel estimator, the kernel estimator g = f, which gives a
bias-corrected estimator JLN (Jones et al., 1995), and a parametric model g = f,q which gives a
semiparametric estimator defined by frc(0) = four(0)7(0) (see,(Hjort and Glad, 1995),(Hirukawa
and Sakudo, 2019) in the linear case).

To improve the quality of the semiparametric estimators HG, (Jones et al., 1999) proposed the so-
called JSH estimator using the classical symmetric kernels. (Jones et al., 1999) are based on the same
idea as (Hjort and Glad, 1995) but in the total nonparametric mode, that we correct the parametric
part by a nonparametric correction what gives generally a same variance and a smaller bias. The
principle of this estimator is to replace the function g by a semiparametric estimator g = frg. More
recently, (Hirukawa and Sakudo, 2019) extends this idea to the asymmetric kernel density estimator
with support R*. This study has shown that the JSH estimator reduces the order of magnitude of the
bias from the O(h~!) to O(h~2) (h is the bandwidth parameter), which can even become unbiased
under the right conditions.

The second objective of the paper is to improve the semiparametric HG ( fra) estimator with von
Mises kernel in the case of circular data by applying the JSH estimator, which will improve the order
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of magnitude of the bias from O(v~!) of the HG estimator to O(v~2) in the case of the JSH estimator
and will keeps the order of magnitude of the variance. The asymptotic and global properties for the
proposed JSH estimator are established.

This paper is organized as follows. Section 2, briefly recalls the classical von Mises kernel density
and its properties. Section 3, presents the semiparametric von Mises kernel density estimator with
different forms of the parametric part. In Section 4, we introduce the HG estimator and its properties
for circular data. Section 5, develops the JSH estimator and its properties for circular case. The unbi-
ased cross validation (UCV) procedure is adapted for choosing the optimal bandwidth. We examine
the performance of the JSH estimator using data generated from known circular distributions via the
integrated squared error (ISE) and integrated squared bias (ISB) criterions in section 6. Section 7,
illustrates an application of real data. Section 8, concludes the paper.

2 von Mises kernel density estimators (A brief review)

Let ©1,0,,...,0, be independant observation from a count distribution with unknown probability
density function (pdf) f defined on the support [0, 27). A von Mises circular kernel density estimator
for f can be expressed as (see for example (Taylor, 2008)):

fou®v) = 3 k(0 ©)
=1

1

n2rlo(v) ;exp{u cos(f — 0;)},0 <0 < 2m, )

where § > 0 is the estimation point (angle where the density is estimated), v = v(n) > 0 is the
smoothing parameter that fulfills h_)m v(n) = 0, and I,(.) denotes the modified bessel function of

order z. The asymptotic formulas of bias and variance are given by (Taylor, 2008)):

Bias550) = L0+ 7D

and

Var(fuu(®:0) = 50 = f6) + o <n> .

The next section discuss the semiparametric approach for circular kernel density estimation.

3 Semiparametric von Mises kernel density estimator

In this section, we present the semiparametric estimator which is composed of two parts paramet-
ric (¢(z)) and non parametric (7(z)). Let ©1,0,,...,0, be independant observation from a count
distribution with unknown probability density function (pdf) f defined on the support [0, 27). The
semiparametric kernel density estimator f is given by:

7(6) := g(0)7(6) = 4(6) {1 3 “9‘9)} , )
=1

where g is the function that can be take many forms (constant, estimator density, parametric and
semiparametric model) and 7(x) serves as a correction factor. The form of the semiparametric von

SJS, Vol. 7 No. 1 (2025), pp. 91-108
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Mises kernel density estimator that depends on a design point § and smoothing parameter v is as
following:

Fort (6) := g(8)i(6) = g(6) {1 ) ) 4)

=1

exp{y cos(f0 — ©;)}
9(6i) ’

The estimator f changes with the change of the function g, several cases of estimators can be derived
according to the function g form.
3.1 Function g is an uniform density

When the function g is an uniform density i.e g(¢) = 1/2w, the estimator funr is reduced to a classical
estimator f, 1/, classic defined by (2), as shown below:

Forr(0) = g(0)#(0),
_ 1¢ 27r[0(1/ y exp{v cos(f — ©;)}
_ 9(9){nz ey 7

1=1
B 1 <N 5 exp{ucos(G @Z)}}
SRR
= n27TI Zexp{ycose ©i)},
=1
= va,C’lasszc(e) (5)

The properties of fo M.Classic given by (5) are developed by (Taylor, 2008), (Marzio et al., 2009,
2011).

3.2 Function g is a kernel density estimator

When the function g is a kernel density estimator i.e g(8) = f,1/(), the estimator f,)s becomes the

(Jones et al., 1995), type fully nonparametric MBC estimator (JLN) f,s, 7N given by:

n #ex V COS
Fortain(8) = fors(0) {12 5oy eXP{v cos(d — ©;)} } ‘
n =1 va( )

This estimator is introduced by (Jones et al., 1995), and considered by (Hirukawa, 2010), (Hirukawa
and Sakudo, 2014) for asymmetric kernel density estimation, (Zougab and Adjabi, 2016) for heavy
tailed data using generalized Birnbaum-Saunders kernels, (Harfouche et al., 2018) and (Harfouche
et al., 2020) for discrete situations. More recently, (Bedouhene and Zougab, 2019) have examined the
JLN-von Mises kernel estimator for circular data.

(6)

3.3 Function g is a parametric model

When g belongs to a parametric family, the function g can takes different circular parametric models
Jpar (von Mises, Projected Normal, Wrapped distributions, . .. ), then fv um reduces to the (Hjort and
Glad, 1995) type semiparametric MBC estimator f, s m¢, studied by (Hagmann and Scaillet, 2007)
using asymmetric kernel and by (Kokonendji et al., 2009) for discrete data. Note that the HG-von
Mises circular kernel estimator and its properties will be presented in section 4.
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3.4 Function g is semiparametric estimator f,; ¢

In this case, (Jones et al., 1999) proposed a new JSH estimator which improves the quality of the
estimator as well as the bias compared to the HG estimators already mentioned.

The JSH estimator principle, is to consider the semiparametric f,); estimator and replace the
function g by the f’v M, HG estimator, which improves the convergence of the bias towards 0(1/_2)
whatever the scenario. The section 5, discusses in details the estimator and its properties.

4 The HG estimator and its properties

The semiparametric HG von Mises kernel estimator f}, M,HG is given as follows:

n 1
- (1 1o exp{vcos(f — ©;)}
forrmc(0) = £(6;0) { - :
n ; CHY
Where f(0;9) is the pdf of the von Mises distribution vM () with ¥ = (u,k). the von Mises
distribution is expressed as:

)

1
. _ — <
f(@,u, k) = 9 U(kj) exXp (k COS(Q M)) s 0 0 < 27(,

and ¥ = (ji, k) is the estimated parameter of the ¥ = (u, k) by the maximum likelihood (ML) method.

4.1 Asymptotic properties

To approximate the bias and variance of HG-vM kernel estimator, we assume that:
Set 99 = (o, ko) the value which minimizes the Kullback-Leibler distance of f(6;) from the true
f(0), we also denote fo(-) = f(-, Vo),

A1l. f has four continuous and bounded derivatives.
A2. The sequence of bandwidths v = v/(n), satisfies v — oo and v'/2/n — 0 when n — oo

Theorem 4.1. Under the Assumptions 1-2, the bias and variance of HG-vM kernel estimator defined by (7),
for a given 6 € [0, 27), are given by:

(i) The bias of HG-vM kernel estimator is given by:
1

Bias (va’H(;(H)> "

(ii) The variance of HG-vM kernel estimator is given by:

F(8;90)r"(8) + o(v™1), (8)

5 1/2 1/2
Var <va,HG(9)> = 22\/7?]0(9) +0 <Vn> : 9)
Proof. A Taylor expansion gives
0;9 - -~
T = ewliosf(0:9) ~1os (07}

fo(0) n fo(0)
fo(©i) — fo(©)
fo(0)

~ fo(®y) 1= {uo(0:) —uo(0)} (5_ 190)} ’

{uo(0) — u(©:)}7 (5 - 190)
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where ug(6) = 0log f(0;90)/09. The semiparametric estimator (7) can be approximated as follows:

n

CHG- 1 1 Jfo(0) 5
HG-VM gy _ * _ o, _ A T(9—
JIGVM () = Z; T O cos( = @)} s (1= {uo(©:) = uo(®)} (9= 90)] . (10)
Using the representation (10), the properties of the von Mises random variable and the Taylor development
when v — oo (see (Mardia and Jupp, 2009)) and the same computational steps of (Hjort and Glad, 1995), we
obtain the results given in the theorem 4.1. O

Note that the asymptotic variance of the HG-VM estimator is similar to that of the classical von
Mises estimator.

Corollary 1. The criterion to use for the global property is the mean integrated squared error (MISE) defined
as:

27
MISE (va’Hg(9)> == /E (va,HG(e) - f(e))2d0

027r

= / MSE fynr,nc(0)do
027r 2w

— [ bias® (Funnc®) do + [ Var (Forua(®) a0
0 0

o 2 s 1/2 L, 2

By minimizing (11) in the bandwidth v, we obtain the optimal value:

NN/ 2w 2/5
viwna={"%" [ (o0} 1)

The optimal MISEy, e of HG estimator is obtained by remplacing the vy o given by (12) in
MISE <.]EUM7H(;(9)> given in (11)

MISE* (va’HG(9)> = 2\1/7? <\/; /Ozﬂ{fo(e)r”(g)de) .

2 -1
<1+ i{ i {fo(H)r”(G)}2d9} >n4/5.

5 The JSH estimator

Based on the same idea of (Jones et al., 1999) and (Hirukawa and Sakudo, 2019), JSH-von Mises kernel
density estimator will be defined as follows:

1 I = exp{v cos( — @i)}} ’ (13)

va,JSH(Q) = va,HG(Q) {nz 2rlo(v)

=1 fort. G (0;)
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~ n ﬁex {vcos(60—0;)}
where fynrna(9) = f(0) {TIL Zl ) ?(@i) }’

i=
f(0) is the parametric model, which can takes different distributions. In the case where this model
takes the form of a uniform distribution, the JSH estimator is reduced into an MBC JLN estimator,
which explains why the JLN estimator is a special case of the general estimator JSH.

In this work, the parametric model exploited is the von-Mises law of parameters y and k, expressed
as:

f(O; p, k) exp (kcos(6 — u)), 0<6<2m,

1
-~ 2mly(k)

and i and k are the estimated parameters of the x and k respectively by the maximum likelihood
(ML) method.

5.1 Asymptotic properties

The asymptotic properties of the JSH-vM kernel estimator requires certain conditions and assump-
tions.

Set o and ko the values which minimizes the Kullback-Leibler distance of f(6; i, k) from the true
f(0). We also denote ro(.) = f(.)/f(.; po, ko)

A3. {©;}? ; areii.d random variables drown from a univariate distribution having a density f with
support [0, 2m).

A4. For a given design point § € [0,27), f(0), f(0; 10, ko) > 0, and ro(#) has four continuous and
bounded derivatives in the neighborhood of 6.

Note that these assumptions have been discussed in (Hirukawa and Sakudo, 2019).

Theorem 5.1. Under the Assumptions 1-4, the bias and variance of [SH-vM kernel estimator defined by (5.1),
for a given 6 € [0, 2), are given by:

(i) The bias of JSH-vM kernel estimator is given by:

) ~ 1 1
Bias (fussu(0)) = —£(0) 4(0,70) —5 +o0 (:ﬂ) , (14)
" 12
where q(0,7¢) = ( Zﬁo((?)) .
(ii) The variance of JSH-vM kernel estimator is given by:
- /2 y1/2
Var (va,JSH(Q)) = 2nﬁf(9) +o <n> : (15)

Proof. It is easy to show that when v —s oo and v/ /n — 0 when n — oo,

n L exp{rcos(d —O;
o lz 2wTo() P A( )}
n 9(04;9)

=1

~r(6) + 11" (6), (16)

SJS, Vol. 7 No. 1 (2025), pp. 91-108
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and
v 1 Z 27rIo(V) exp{v cos(f — ©;)} N V2 (0) |
n 9(0;:9) 2ny/m go(6)

=1

(17)

where ~ means asymptotically equal.
Combining the proof of Theorem 2 proposed by (Bedouhene and Zougab, 2019) and the approximations (16)
and (17), we establish the results of Theorem 5.1. O

Corollary 2. The criterion to use for the global property is the mean integrated squared error (MISE), defined
as:

2 2

MISE (va,JSH(Q)) = /bia82 (va,JSH(9)> df + /Var (va,JSH(‘g)) do

0 0

1 y1/2 y1/2
— ﬂE [£(©) ¢*(©,10)] + +o <y4 + n) . (18)

2n\/T

The optimal bandwidth minimizing the corresponding MISE (18) is such that

visn = {16 n VTE [£(0) ¢*(©,70)] }*"*. (19)

Therefore, the optimal MISE becomes

MISE" (furrssu(0)) = 20, r0)]}*n 8. (20)

E|f
(16 \/> 8 /9 { |:
In practice, the bandwidth parameter v, cannot be employed because it’s depend on the un-
known density f and its derivatives. For this, we present in the next section the unbiased cross
validation UCV method for selecting the smoothing parameter.

6 Bandwidth choice by UCV method

We adopt in this section the popular unbiased cross validation (UCV) method introduced by
(Rudemo, 1982) and (Bowman, 1984), and recently applied by several authors (See (Zougab and Ad-
jabi, 2016; Harfouche et al., 2018, 2020) and (Bedouhene and Zougab, 2019) for the MBC technique,
(Hagmann and Scaillet, 2007) for the semiparametric MBC technique). The optimal bandwidth v by
UCV method for a given estimator fo M,JsH is obtained by:

vycy = argmin UCV (v),

where
k(0 — ©,)
ucv(v) =
) /fUMHG (z : vaHG(@)>
~ T ST k(0 -65) Jorenc(9:) (1)

i i vaHG(@])
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7 Simulation study

This part is devoted to a simulation study, which consists to evaluate the performance of the f,,
fv M—JLN, fv M—Hc and fv M—gsH estimators. This simulation study is based on 100 replications for
samples sizes n = 10, 50, 100 and 200 for 20 circular models (distributions), that were used by
(Oliveira et al., 2012), (Garcia-Portugués, 2013) and recently (Bedouhene and Zougab, 2019, 2020).
The models are classified into four sets, each with its complexity:

1. Simple models: circular uniform (M1); von Mises (M2); wrapped Normal (M3); cardioid (M4);
wrapped Cauchy (M5) and wrapped skew-Normal (M6).

2. Two components models: von Mises mixtures (M7, M8 and M9); mixture of von Mises and
wrapped Cauchy (M10).

3. Models with more than two components: von Mises mixtures with three components (M11,
M12 and M13); von Mises mixture with four components (M14); mixture of wrapped Cauchy,
wrapped Normal, von Mises and wrapped skew-Normal (M15); von Mises mixture with five
components (M16).

4. Other complex models: mixture of cardioid and wrapped Cauchy (M17); mixture of von Mises
(M18 and M19); mixture of two wrapped skew-Normal and two wrapped Cauchy (M20).

For the comparison, we used the classical, JLN, HG and JSH vM kernel estimators and the UCV
method for bandwidth parameter selection. Note that, The parametric part f(6; i, k) of the f HG, oM
estimator is considered as vM distribution of i and k& parameters vM (u, k). The parameters p and
k were estimated by maximum likelihood (ML). We examine the performances of the estimators via
integrated squared error (I SE) and integrated squared bias (1.5 B) given respectively by:

ISE = / (f(e)— f(9))2d0 (22)
and .
ISB :_/<E(f(9))—f(9))2d0 (23)

0

Tables 1, 2, 3 and 4 show the average I.SE of the vM kernel estimators. We can observe that,

The means of ISE decrease as sample size n increases for the all estimators, which indicates that
our estimators are consistent.

The vM-JLN estimator performs better than the other competitors for models M5, M6, M7, M10,
M11, M12, M13, M14, M16, M17, M18 and M20 and for a samples size n = 100 and n = 200
except model M10 for n = 100.

The vM-JLN estimator performs better than the other estimators for models M6, M7, M8, M11,
M13, M14, M16 and M17 and for a sample size n = 50.

For a sample size n = 10 the standard vM kernel estimator is more efficient for the models M1, M4,
M10, M11, M12, M16, M18, M19 and M20.

For the rest of models M2, M3, M9 and M15 the perfomance of estimators are mixed depending on
the sample size.

Tables 5 and 6 show the average 1.5 B of the vM kernel estimators. We can observe that:
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Table 1: Average integrated squared error (/.SE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 10

ZIANE ET AL

n=10 fon (Sdynr) Jor—grn (Sdunvr—gin)  fom—nG (Sdovi—mG)  fom—gsu (Sdunvi—gsm)
M1 0.028504 (0.040126)  0.044624 (0.048535) 0.085598 (0.042796) 0.065051 (0.046547)
M2 0.044730 (0.027727)  0.054532 (0.038296) 0.041635 (0.032852) 0.056422 (0.043456)
M3 0.080912 (0.063078)  0.077513 (0.045428) 0.066713 (0.048654) 0.061435 (0.029901)
M4 0.031643 (0.018711)  0.035378 (0.020203) 0.032978 (0.030695) 0.036326 (0.021759)
M5 0.175951 (0.039888)  0.148754 (0.050878) 0.165277 (0.046911) 0.136418 (0.050530)
Me6 0.081913 (0.030951) 0.076863 (0.024004) 0.071529 (0.019551) 0.075294 (0.019237)
M7 0.056374 (0.024210) 0.054870 (0.019606) 0.067062 (0.040294) 0.057183 (0.026707)
M8 0.073435 (0.034446) 0.065588 (0.031154) 0.068817 (0.030425) 0.062101 (0.033644)
M9 0.038088 (0.022375)  0.037386 (0.022005) 0.058252 (0.029270) 0.043407 (0.026101)
M10 0.101301 (0.050482) 0.107924 (0.057971) 0.104519 (0.058812) 0.109033 (0.062352)
Mi11 0.051501 (0.012703)  0.057676 (0.014236) 0.069096 (0.033663) 0.067695 (0.032629)
M12 0.066814 (0.038738) 0.074644 (0.042631) 0.101371 (0.039642) 0.104655 (0.040974)
M13 0.097510 (0.034632)  0.096302 (0.034424) 0.126583 (0.067811) 0.095344 (0.046333)
M14 0.093109 (0.021393) 0.081828 (0.030255) 0.116401 (0.029262) 0.091273 (0.034697)
M15 0.018991 (0.018817) 0.025672 (0.026108) 0.071526(0.068303) 0.066495 (0.051130)
Mi1e6 0.085333 (0.014261)  0.090423 (0.014995) 0.134788 (0.055393) 0.108673 (0.028095)
M17 0.135170 (0.053391)  0.119433 (0.044483) 0.111107 (0.019398) 0.121193 (0.047785)
M18 0.074270 (0.037493)  0.076313 (0.037901) 0.102535 (0.105780) 0.092129 (0.076978)
M19 0.080081 (0.027177)  0.085918 (0.036308) 0.090258 (0.024831) 0.094315 (0.035757)
M20 0.121919 (0.029699)  0.127653 (0.039151) 0.150788 (0.047860) 0.143430 (0.040143)

e For all estimators, the means of ISB based on 100 simulations decrease as sample size n increases.

e For all samples size the vM-JLN and vM-JSH kernel estimators outperform the classical vM and
vM-HG kernel estimators except models (M1, M2, M4, M10 and M12 for n = 10), (M1, M2, M4
and M15 for n = 50) and (M1 and M2 for n = 100 et 200).

e The performance of vM-JLN and vM-JSH kernel estimators are mixed depending on the models,
this is explained by the fact that the vM-JLN estimator is a special case of vM-JSH kernel esti-
mators

The figure 1 presents the plot of pdf M3, M8, M11 and M17 models for each distribution family
using vM, JLN-vM, HG-vM and JSH-vM estimators with UCV approach for bandwidth choice based
on sample size n = 200 for one application. The plots show that in general the smoothing quality is
satisfactory for all models. The estimators were able to reproduce the uni and several modes of the
considered models, except for the model 17.

8 Illustration with real data

In this section, we illustrate the application of fv M, fv M—JLN, ﬁ, M—pa and fv M—JSsH estimators in
practice, we have analysed two real data sets.

Exemple 1. (Time series of flare azimuths): this data present a time series of measurements obtained
from an experiment, to assess the relative stability of flare-projectile assemblies. A flare, at-
tached to a projectile, is launched upward from a launch point O in a fixed direction. At some
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Figure 1: True pdf and vM kernel estimators for models 3, 8, 11 and 17 with n = 200. Black solid line:
true density; Black dashed line: vM estimator; Black Dotted line: vM-JLN estimator; Grey solide line:
vM-HG estimator and Grey dashed line: vM-JSH estimator.
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Table 2: Average integrated squared error (/.SFE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 50

ZIANE ET AL

n=>50 fon (Sdynr) Jor—grn (Sdunvr—gin)  fom—nG (Sdovi—mG)  fom—gsu (Sdunvi—gsm)
M1 0.001866 (0.003489) 0.006231 (0.005917) 0.013917 (0.005010) 0.011227 (0.005081)
M2 0.010313 (0.008561)  0.011044 (0.009943) 0.008018 (0.006045) 0.011511 (0.009034)
M3 0.041835 (0.014696) 0.017860 (0.008250) 0.028309 (0.011004)  0.014193 (0.007108)
M4 0.008945 (0.008045) 0.014548 (0.011967) 0.014283 (0.015017) 0.018999 (0.013630)
M5 0.154229 (0.019441)  0.109994 (0.028114) 0.139815 (0.017119) 0.103537 (0.029125)
Me6 0.058575 (0.009952)  0.047698 (0.011597) 0.048187 (0.006382) 0.051759 (0.016907)
M7 0.019584 (0.007133)  0.014356 (0.006791) 0.022576 (0.005455) 0.014708 (0.007069)
M8 0.026306 (0.012476) 0.018937 (0.014137) 0.034317 (0.021504)  0.020011 (0.017085)
M9 0.009666 (0.006145)  0.009945 (0.004733) 0.013562 (0.007814) 0.009470 (0.004791)
M10 0.052599 (0.011198)  0.042107 (0.013285) 0.044380 (0.010356) 0.042057 (0.014870)
Mi11 0.031501 (0.009060) 0.024606 (0.010623) 0.036343 (0.011329) 0.025054 (0.010273)
M12 0.017454 (0.011790)  0.015778 (0.007861) 0.020647 (0.010969) 0.014755 (0.005718)
M13 0.042008 (0.006729) 0.031182 (0.006917) 0.048533 (0.008577) 0.032526 (0.007163)
M14 0.053977 (0.007150)  0.040523 (0.007811) 0.064132 (0.015627) 0.043959 (0.010567)
M15 0.009173 (0.004106) 0.012301 (0.006091) 0.019124 (0.006767) 0.017794 (0.008228)
Mi1e6 0.074266 (0.007694)  0.062254 (0.009584) 0.074199 (0.008923) 0.063870 (0.010247)
M17 0.081349 (0.008914) 0.071710 (0.011465) 0.078328 (0.011586) 0.071803 (0.013159)
M18 0.040710 (0.005906)  0.042476 (0.006280) 0.040324 (0.005152) 0.043975 (0.007533)
M19 0.035764 (0.006904) 0.035098 (0.008540) 0.041890 (0.014962) 0.035811 (0.009832)
M20 0.080598 (0.005963)  0.072905 (0.007403) 0.086780 (0.005067) 0.075472 (0.007073)

point P in space, the flare commences burning. The azimuth of P relative to O gives an indica-
tion of the variability of the assembly as more and more trials are conducted with it. The data
shown are based on 60 successive launches, (see, (Fisher, 1995)).

Exemple 2. (Long-axis orientations of feldspar laths): a data of 133 measurements of feldspar laths
in basalt reported by (Smith, 1988) and presented by (Fisher, 1995).

For analyzing these data sets, we applied four estimators f}, M, fv M—JLN, f}, M—HG and fv M—JSH
to estimate the probability density function with vM circular kernel. The UCV technique is employed
for bandwidth choice. For the vM — HG kernel estimator, the parameters . and k of parametric model
are estimated by ML method. The values of ji and k are given in table 7.

The figures 2 and 3 show the linear and circular estimators ( f‘v M fv M—JLN, fv M—HG and
fori—ysm) for Time series of flare azimuths data with sample size n = 60 and Long-axis orientations
of feldspar laths data with sample size n = 133, where the solide and dashed lines in black represent
the f’v » and fv M—JLN estimators, the solide and dashed lines in grey represent fv M—Hc and
fv M—JsH estimators respectively.

From the figures 2 and 3, we can see that all estimators are capable of reproducing the unimodality
of these data sets. We also note that the smoothing quality is satisfactory and almost similar for the
four estimators except in certain regions.
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Figure 2: vM kernel estimator for Time series of flare azimuths data with sample size n = 60. Black
solid line: vM estimator; Black dashed line: JLN-vM estimators; Grey solid line: HG-vM; Grey
dashed line: JSH-vM.
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Figure 3: vM kernel estimator for Long-axis orientations of feldspar laths data with sample size

n = 133. Black solid line: vM estimator; Black dashed line: JLN-vM estimators; Grey solid line: HG-
vM; Grey dashed line: JSH-vM.
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Table 3: Average integrated squared error (/.SFE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 100

ZIANE ET AL

n =100 fon (Sdynr)

Jori—gonN (Sduni—jLN)

Jori—mc (Sdyv—ma)

Jorvi—gsu (Sdupi—ysm)

M1 0.001457 (0.002025)  0.003106 (0.003671) 0.007134 (0.002430) 0.008218 (0.002656)
M2 0.007618 (0.007692)  0.006788 (0.005903) 0.005093 (0.005007) 0.006385 (0.005543)
M3 0.037664 (0.003969)  0.013694 (0.002814) 0.026014(0.004538) 0.010504 (0.003361)
M4 0.006219 (0.004247)  0.006670 (0.005332) 0.006363 (0.003905) 0.008482 (0.005162)
M5 0.154077 (0.017058)  0.106388 (0.017568) 0.138480 (0.016540) 0.119237 (0.041765)
Mo 0.057178 (0.010608)  0.047702 (0.016986) 0.047161 (0.007705) 0.052374 (0.019852)
M7 0.017531 (0.008879)  0.010608 (0.006796) 0.021808 (0.011133) 0.011076 (0.007525)
M8 0.021781 (0.005358)  0.011615 (0.005049) 0.027436 (0.010461) 0.011731 (0.005784)
M9 0.006189 (0.003258)  0.005196 (0.002406) 0.007646 (0.004701) 0.004875 (0.003331)
M10 0.042288 (0.008199)  0.033879 (0.005501) 0.036614 (0.006635) 0.033876 (0.005801)
Mi1 0.023124 (0.002969)  0.012971 (0.002866) 0.028574 (0.003982) 0.013945 (0.003178)
M12 0.010648 (0.005060)  0.009277 (0.004555) 0.013961 (0.004866) 0.009663 (0.004217)
M13 0.040233 (0.005926)  0.024880 (0.005162) 0.047879 (0.008810) 0.026472 (0.005187)
M14 0.048432 (0.006302)  0.033535 (0.007966) 0.055748 (0.005895) 0.035982 (0.007658)
M15 0.007635 (0.003075)  0.008174 (0.003857) 0.008748 (0.003335) 0.008276 (0.004931)
Mile6 0.064286 (0.003487)  0.053544 (0.004683) 0.068856 (0.003156) 0.054935 (0.003064)
M17 0.079762 (0.006565)  0.066913 (0.007029) 0.076166 (0.008493) 0.067919 (0.009618)
M18 0.035264 (0.005775)  0.034528 (0.005536) 0.036797 (0.005094) 0.036755 (0.005704)
M19 0.029451 (0.005088)  0.026673 (0.004411) 0.030842 (0.007298) 0.026669 (0.004697)
M20 0.072511 (0.004133)  0.062957 (0.004733) 0.075288 (0.003609) 0.063519 (0.003887)

9 Conclusion

In this work, we extended the application of the semiparametric estimators HG and JSH, for the
estimation of the probability density of circular data with von Mises kernel. We have shown that the
JSH estimator improves the order of magnitude of the bias, whatever the parametric model chosen.
We also evaluated the performance of the proposed estimator (JSH) by a comparative study with the
classical estimator f v, the estimator JLN f;rn and the semiparametric estimator frg. Our study
showed that the proposed JSH estimator and the JLN estimator are more efficient than the other
two estimators in terms of ISE and ISB. The two estimators JLN and JSH are almost similar, this is
explained by the fact that the estimator JLN is a special case of J[SH.
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Table 5: Average integrated squared bias (/.5 B) based on 100 replications for 20 models with samples
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Table 6: Average integrated squared bias (/5 B) based on 100 replications for 20 models with samples
size n = 100 and n = 200.

n = 100 n = 200
I1SB,m ISByyi—gin  1SBuyi—ne  1SBuy—gsu | ISByy  ISByy—gin 1SBuy—ma  1SBum—gsH
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M9 0.003343 0.002097 0.003830 0.001869 0.003254 0.001306 0.003497 0.001161
M10 0.039047 0.028795 0.033483 0.028344 0.039227 0.029577 0.034169 0.029576
M11 0.019389 0.007878 0.024427 0.008800 0.019270 0.007573 0.022607 0.007841
M12 0.006522 0.003136 0.009393 0.003439 0.006229 0.002157 0.010371 0.002493
M13 0.035241 0.019218 0.031964 0.020593 0.033787 0.017780 0.038108 0.018465
M14 0.043921 0.027408 0.050541 0.029725 0.043617 0.027364 0.048747 0.028654
M15 0.004455 0.002909 0.004828 0.001855 0.004336  0.002906 0.003675 0.001368
M16 0.059258 0.046620 0.063620 0.048120 0.059188 0.046421 0.062583 0.047996
M17 0.076536 0.063448 0.073174 0.063749 0.074252  0.063933 0.073700 0.061833
M18 0.031513 0.029350 0.032692 0.030959 0.031188 0.027903 0.030837 0.028397
M19 0.026697 0.022108 0.028112 0.022010 0.026548 0.020033 0.027767 0.019929
M20 0.068609 0.057966 0.071069 0.058526 0.068106 0.057721 0.070831 0.058020

Table 7: Estimate parameters with ML method for Time series of flare azimuths and Long-axis orien-
tations of feldspar laths data sets

Time series of flare azimuths Long-axis orientations of feldspar laths
fiarr 3.050395 3.136083
kar  1.343009 1.015225
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Abstract: The family of alpha-skew-normal (ASN) distributions is a flexible class of three-parameter
probability models characterized by their location, scale, and shape. The shape parameter governs
both asymmetry and uni-bimodality, allowing the distribution to model unimodal or bimodal data
with varying degrees of skewness. This paper proposes an objective Bayesian goodness-of-fit test to
determine whether a random sample follows an ASN distribution when parameters are unknown.
The test statistics are based on empirical distribution function, whose sampling distributions depend
solely on the shape parameter. Their prior predictive distributions, serving as null distributions, are
obtained by integrating out the shape parameter with respect to a proper approximation of Jeffreys
prior, specifically a Cauchy prior, chosen for its analytical tractability. Critical values are estimated
via Monte Carlo simulation. A comprehensive simulation study demonstrates that the proposed tests
maintain the nominal significance level across various scenarios and exhibit strong power properties
against a range of alternative distributions. Finally, the methodology is illustrated through real-data
examples, showcasing its practical applicability.

Keywords: alpha-skew-normal distribution, empirical distribution function, goodness-of-fit test, Jef-
freys prior, Monte Carlo simulation, prior predictive distribution.
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1 Introduction

The alpha-skew-normal (ASN) distribution, proposed by Elal-Olivero (2010), is an extension of the
normal distribution with a shape parameter that regulates skewness differently than the asymmetric

© INE Published by the Spanish National Statistical Institute
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normal model of Azzalini (1985); it also captures a uni-bimodality effect, which gives this family
of distributions the flexibility to model unimodal or bimodal data sets that have some degree of
skewness. The normal distribution is a special case of the ASN family.

Let R denote the set of real numbers and ¢ the density function of a standard normal random
variable. A continuous random variable Z is said to follow an alpha-skew-normal distribution with
shape parameter o € R, denoted by Z ~ ASN(«), if its probability density function (pdf) is given by

(1—az)?+1

fz(Z;Oé): 2+ a2

¢(z), z€R, 1)
where « is a parameter that controls both the skewness and the uni-bimodality of the density func-
tion. For positive values of «, the distributions are skewed to the right, and for negative values, the
distributions are skewed to the left. The ASN distribution is unimodal if —1.34 < o < 1.34 and
bimodal otherwise. Furthermore, when o« — 00, Z converges in distribution to a bimodal random
variable with pdf y%¢(y) for y € R (Elal-Olivero, 2010).

Let p € Rand o > 0. If Z ~ ASN(«), then the location-scale ASN distribution can be defined as
the distribution of the continuous random variable X = ;1 + 07, whose probability density function
is given by

(1—af(e—p)/o})’+1
o(2+a?)

o

fX(:L‘;,U,,O',Oé) = [

¢(‘T“>, zeR. )

A random variable X following an ASN distribution with location, scale and shape parameters y,
o, and «, respectively, is denoted as X ~ ASN(y, o, ). When i = 0 and o = 1, the pdf (2) simplifies
to equation (1). The skewness of X ranges from —0.811 to 0.811, while the kurtosis varies between
—1.333 and 0.749. The cumulative distribution function (cdf) of X is given by

Fy(z:p,0,0) = <I>(“““>+a(2”_a(m_“))¢<$_“). 3)

o o(2+ a?) o

In practice, the ASN distribution remains relatively unknown, yet it has played a significant role
in the theoretical development of other asymmetric uni-bimodal distributions. Notable examples
include the alpha-skew-Laplace (Harandi and Alamatsaz, 2013), alpha-skew-logistic (Chakraborty
and Hazarika, 2014), Balakrishnan-alpha-skew-normal (Chakraborty et al., 2014), and alpha-skew-
normal slash (Gui, 2014) distributions. Additionally, (Louzada et al., 2016) and (Louzada and Ara,
2019) extended the univariate ASN distribution, as defined in equation (1), to its bivariate and mul-
tivariate counterparts, respectively.

Let X1,..., X, be a random sample of size n from a population with an unknown cdf F. This
paper examines the composite goodness-of-fit problem for the ASN(y, o, «v) distribution, testing the
null hypothesis

Hy:Xy,...,X, ~ASN(u,0,«), where p,o and « are unknown, 4)

versus the alternative hypothesis H; : Xi,..., X, ~ ASN(u, 0, o).

Since this problem has not been previously studied, we propose a test procedure based on empiri-
cal distribution function (EDF) statistics as a first approach. The null distributions of the test statistics,
which determine the critical threshold and depend on the shape parameter (Stephens, 1986), are their
prior predictive distributions. These distributions are obtained by integrating out the shape param-
eter with respect to its prior distribution. To ensure objectivity, Jeffreys rule is used to derive a prior
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distribution for the shape parameter. However, since the resulting Jeffreys prior is improper, we
propose a proper approximation that corresponds to a well-known distribution.

The remainder of this paper is organized as follows. Section 2 presents the method for approx-
imating Jeffreys prior distribution for the shape parameter. Section 3 defines the test statistics and
describes the methodology for estimating their prior predictive distributions. Additionally, a table
of critical values based on the most relevant sample quantiles from these distributions is provided.
Section 4 reports the results of a Monte Carlo simulation study assessing the type I error probability
and power of the tests. In Section 5, the proposed tests are applied to two real datasets: one unimodal
and the other bimodal. Finally, Section 6 summarizes the main conclusions.

2 Jeffreys prior distribution for the shape parameter o

For a probability model with a one-dimensional parameter 6, the Jeffreys prior distribution of 6 is
proportional to the square root of its Fisher information of 6.

According to (Elal-Olivero, 2010), the Fisher information of the shape parameter in the ASN dis-
tribution with density function (1) is given by

4(a2b2 + 2by — a2)

sl = (24 a2)? ’
where
1—aW)?
by = E | w21
2 W (I—aW)2+1]"

and W is a standard normal random variable. Consequently, the Jeffreys prior distribution for o,
denoted by 7;(«), is given by

Tr(a) x ()2

The value of by can be computed numerically for each a € R, enabling the evaluation of .# («)
and the construction of the corresponding plot of 7 (). The resulting graph is shown in Figure 1

Figure 1 reveals that 7 ;(a) exhibits similarities to well-known distributions, such as the Cauchy,
generalized double Pareto (Armagan et al., 2013), and Laplace (or double exponential) distributions,
each centered at zero. Since 7;(«) is improper, we approximate it using one of these three proper and
computationally efficient distributions. To determine the optimal scale parameter \ for the chosen
approximation, we minimize the Kullback-Leibler divergence between the normalized Jeffreys prior
and each candidate distribution.

Since 7 ;(«) is improper, we consider its normalized version

a)l/?
ps(a) = ,ﬂ((j({))’

where

3
CE) =lim | Z(@)Y? deo

£—o00 —¢

Let g7(«v) denote the proposed Cauchy approximation given by

1 a2\ !
=— |1+ .
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Figure 1: Jeffreys prior distribution for o € [-20, 20], obtained via numerical integration.

The Kullback-Leibler divergence between p;(«) and g;(«) is given by

¢ o2 o)1/2
k(&) + log A + /—g log (1 + )\2> %da] , (5)

where k(&) is a term independent of . The first-order derivative of above equation with respect to A

is
1 1 3 2\ —1 1/2
2DKL(pJ,gJ) = lim — [1 / 20 <1+ a) &da .

Dx1.(ps,97)

= lim
E—o0

AN cvoo A |1 A2 ) A2 C()

Setting this expression to zero yields an equation that, when solved numerically, provides the
optimal scale parameter ) for the Cauchy approximation. The resulting value, obtained via numerical
integration, is A\ca = 1.48. Similarly, for the double generalized Pareto and Laplace approximations,
the optimal scale parameters are found to be A\gpp = 1.46 and A\pap = 4.94, respectively. The resulting
distributions are compared with the Jeffreys prior in Figure 2.

Figure 2 shows that the Cauchy distribution provides the best approximation to Jeffreys prior for
the shape parameter of the ASN distribution. The generalized double Pareto distribution is also a
viable option; however, in the tails, the Cauchy distribution aligns more closely with the normalized
Jeffreys prior. Around « = 0, both distributions exhibit minimal differences from the Jeffreys prior,
suggesting that these small discrepancies should not significantly impact the desirable properties of
the tests.
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Figure 2: Approximations to the Jeffreys prior distribution for « (in logarithmic scale).

By contrast, the Laplace distribution deviates significantly over nearly the entire range of «. This
observation is consistent with the Kullback-Leibler divergence values reported in Figure 2, which
indicate that the Cauchy distribution results in the least information loss. Based on this, we pro-
pose using a Cauchy distribution centered at zero with a rounded scale parameter of A\ = 3/2 as an
approximation of 7 ;(«). This approximation, denoted by 7 ;(«), is given by

B 1 o? -1
)= 6) (1 * <3/2>> | ©)

3 Tests for alpha-skew-normality

In this section, we introduce the test statistics used for evaluating alpha-skew-normality and describe
the methodology to estimate their null distributions under the proposed Bayesian framework. We
describe the procedure for estimating the quantiles of the sampling distribution of each when the
hypothesized distribution is alpha-skew-normal with parameter values estimated from the data us-
ing the maximum likelihood method. Furthermore, we summarize the steps necessary to the test the
null hypothesis (4) of interest.

SJS, Vol. 7 No. 1 (2025), pp. 109-129
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3.1 Test statistics based on EDF

The most widely studied goodness-of-fit procedures for a specific family of distributions in the lit-
erature are those based on the EDE, a step function denoted by F,,. Given a realization z1, ..., z, of
size n, the EDF is computed as (Stephens, 1986)
0 ifz < (1),
Fo(x) =4 i/n ifzg <z <z, i=1,...,n-1,
1 if z > .I‘(n),
where z(1) < -+ < z(;,) denote the ordered sample.
A goodness-of-fit test based on F;, assesses whether the sample follows a distribution with an
unknown cdf F, quantifying, from a test statistic, the discrepancy between F), and F, determining
whether Hj should be rejected. Following Stephens (1986), test statistics based on F}, can be cate-

gorized into two families: the Kolmogorov—-Smirnov family that contains the Kolmogorov-Smirnov
statistic D and the Kuiper statistic V, defined as

D =max(D*,D7), V=D"+D",
where

D* = sup{Fy(x) = F(@)} and D~ = sup{F(a) = Fu(x)}.

The Cramér-von Mises family that contains the Cramér—von Mises statistic W2, Watson’s statistic
U? and the Anderson-Darling statistic A?, defined as

2_n XT) — X 2 X

W2 = [ {Fy(o) = @)} dF (o)

) 2

U2 = n /R (Fn(x)—F(x)— /R {Fn(:v)—F(x)}dF(x)> AF(z),
s [AB@-F@Y
= [ F ey

Given an observed sample, these statistics are computed as follows (Stephens, 1974):

D =max (D",D7), (7)
V=D"4+D", (8)
DT = max <Z — p(,-)> , )
7 n

i —1

D™ = max (pm . ) , (10)
7 n
" 2i—1\? 1
2 — . — —

W2 = Z; <p(2) o ) + 5 (11)

1 2
U2=W2—n(p—2> , (12)
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n

1 .
A2 = —p— - Z(2z —1) [log piy + log (1 — prr1-2)] » (13)
i=1
where p;) = F(z(;) represents the hypothesized cdf values, and p is the arithmetic mean of
P(1),- - -+ P(n)- For the problem considered in this paper, F' corresponds to equation (3). However,

since the parameters 1, 0 and « are unknown, they are replaced by their maximum likelihood esti-
mates i, ¢ and &. Hence,

F = Fx(x;1,0,4). (14)

When parameter estimates are used, the null distribution of the test statistics depends on the
unknown shape parameter (Mateu-Figueras et al., 2009). As a result, the critical values of the tests
also depend on the shape parameter. Formally, the critical constant k;_,, for a test of significance
level v € (0, 1) satisfies

max ]P)(TEDF > kl_'y ‘ Hyis true) =7, a€R,
&Y

where Tgpr represents any of the aforementioned test statistics.

There is no general approach to solving this issue. Some proposed methods in the literature
include: (i) transforming the sample into one from a known distribution, reducing the problem to a
setting where standard tests exist, such as normality transformations (Chen and Balakrishnan, 1995),
and (ii) using the parametric bootstrap method to estimate the null distribution of the test statistic
and approximate critical values via empirical quantiles (Meintanis, 2007).

In this paper, instead, we propose using the prior predictive distribution of TxpF, obtained by in-
tegrating out the shape parameter using its prior distribution. In the previous section, we introduced
an approximation to the Jeffreys prior for this parameter, which will be used for this purpose.

3.2 Prior predictive distribution of Tgpr

If 7 () is a proper prior distribution for the shape parameter, the prior predictive distribution of Tgpr
is given by

T (tepE) = /R r(tgpela)m(a) da, (15)

which represents the marginal distribution of the test statistic. The integral in equation (15) can-
not be evaluated analytically but can be approximated by Monte Carlo simulation. To the best of
our knowledge, the only reference in the literature applying this approach to goodness-of-fit tests is
Cabras and Castellanos (2009), in the context of the asymmetric normal distribution introduced by
Azzalini (1985), where the prior predictive p-value (Bayarri and Berger, 2000), originally proposed
by Box (1980), serves as a foundation.

Bayarri and Berger (2000) suggest specifying a non-informative prior distribution for the noise
parameter to ensure an objective analysis. However, a drawback of noninformative prior distribu-
tions is that they are often improper, making the prior predictive distribution (15) improper as well,
rendering it invalid for practical use. Nevertheless, a proper distribution that closely approximates
the Jeffreys prior for the shape parameter is available, namely, the distribution given in equation (6).

The procedure to estimate the distribution (15) of each test statistic consists of the following three
steps:

1. Simulate o, o, ... oM ~ 7 (), with M = 50, 000.

SJS, Vol. 7 No. 1 (2025), pp. 109-129
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2. Set the sample size n to n and generate a random sample from the distribution ASN(y, o, o)
with g =0,0 =1and o = ™), form = 1,..., M. The location and scale parameters were set
to 1 = 0 and o = 1 because the distribution of test statistics based on F;, is invariant to changes
in location and scale (Stephens, 1986).

3. On every m-th sample:

(a) Obtain the maximum likelihood estimates of y, o and a.

(b) Calculate the value of Tgpr, using the corresponding expression from equations (7), (8),
(11), (12) and (13), with p(;) given by

o (r Y (20 —d(we) — Q) Ty — [ L
p(z)—Q)((7 )—|—a< G2+ a?) 10) 5 , t=1,...,m,

and z(y), ..., x(,) the sample given in step (2) sorted in non-decreasing order.

The proposed procedure generates a set of M values of Tgpr, which are used to estimate its null
distribution for a given sample size. Similarly, the 100(1 — )% quantiles of its empirical distribution
can be obtained to approximate the critical value k_, for the corresponding test. The quantiles of
the statistics D and V' were computed with respect to /nD and y/nV, as these statistics tend to zero
as n — oo (Lilliefors, 1967).

All computational procedures were implemented in the R software (R Core Team, 2023). Pseudo-
random numbers from the ASN(y, o, o) distribution were generated using the acceptance-rejection
method based on its stochastic representation, as described by Elal-Olivero (2010). Maximum like-
lihood estimates for the parameters p, o and o were obtained using the optim function. Pseudo-
random numbers from the Cauchy distribution were generated using the rcauchy function. Table 1
presents the 90%, 95%, and 99% quantiles of the empirical distribution of the test statistic for different
sample sizes.

3.3 Proposed general test procedure

The following procedure is proposed to test the null hypothesis (4) using a random sample z1, ..., 2,
of size n, based on one of the test statistics under consideration:

(1) Compute the maximum likelihood estimates of the parameters y, o and « for the ASN(y, 0, «)
distribution, denoted as ji, 6 and &.

(2) Calculate the value of the chosen test statistic using the appropriate formula from equations (7),
(8), (11), (12) or (13), where p;) is given by

R x(,) - ﬂ R 26 — d($(l) - ﬂ) .7,'(1) - ﬂ .
h=0 L) + == =1,...
Pa) ( s ) a( 5(2+ a2) ¢ o p T et

where z(y), ..., z(,) are the data sorted in non-decreasing order.

(3) For a given significance level v € (0, 1), obtain the (1 — 7) quantile of the test statistic corre-
sponding to the sample size n from Table 1. If n is not listed in the table, interpolate linearly
between the two closest values of n to approximate the quantile. For n > 500, use the quantile
associated with n = 500.
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vnD,

ViV,

2
%

2
Un

A2

0.90

20
30
40
50
75
100
150
200
300
400
500

0.7856
0.8084
0.8225
0.8234
0.8236
0.8241
0.8261
0.8293
0.8323
0.8349
0.8371

1.2521
1.2836
1.3032
1.3196
1.3245
1.3244
1.3289
1.3424
1.3461
1.3444
1.3467

0.0993
0.1034
0.1063
0.1077
0.1089
0.1091
0.1098
0.1101
0.1109
0.1096
0.1105

0.0805
0.0824
0.0849
0.0858
0.0867
0.0869
0.0858
0.0868
0.0875
0.0877
0.0875

0.5842
0.6131
0.6251
0.6257
0.6293
0.6298
0.6303
0.6326
0.6318
0.6394
0.6396

0.95

20
30
40
50
75
100
150
200
300
400
500

0.8597
0.8839
0.9096
0.9043
0.9051
0.9102
0.9132
0.9152
0.9159
0.9174
0.9184

1.3456
1.3791
1.3966
1.4006
1.4212
1.4227
1.4377
1.4427
1.4411
1.4435
1.4446

0.1219
0.1302
0.1386
0.1347
0.1341
0.1356
0.1365
0.1379
0.1369
0.1408
0.1406

0.0987
0.1005
0.1034
0.1043
0.1049
0.1058
0.1056
0.1062
0.1069
0.1067
0.1069

0.6964
0.7382
0.7544
0.7541
0.7565
0.7596
0.7631
0.7645
0.7682
0.7719
0.7801

0.99

20
30
40
50
75
100
150
200
300
400
500

1.0129
1.0585
1.0685
1.0862
1.0917
1.0921
1.0919
1.0922
1.0942
1.0936
1.0963

1.5426
1.5652
1.6062
1.6112
1.6196
1.6333
1.6465
1.6467
1.6465
1.6528
1.6501

0.1752
0.1878
0.2011
0.2097
0.2122
0.2158
0.2162
0.2167
0.2166
0.2193
0.2177

0.1393
0.1426
0.1513
0.1511
0.1518
0.1518
0.1568
0.1573
0.1594
0.1599
0.1594

0.9345
1.0061
1.1189
1.1215
1.1381
1.1475
1.1496
1.1483
1.1468
1.1503
1.1499
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Table 1: 100th(1 — v)% quantile of the empirical distribution of each test statistic, for different sample

sizes n and different significance levels ~, estimated by M = 50, 000 simulations.

(4) Reject Hy at significance level + if the test statistic computed in step (2) exceeds the quantile

obtained in step (3).

An R script (R Core Team, 2023) containing the necessary functions to implement this test procedure

is provided in the appendix.

4 Size and power of the tests

To assess whether the actual type I error probability of each test in the proposed procedure matches
or does not exceed the specified significance level, and to evaluate the power of the tests against
various alternative distributions, a Monte Carlo simulation study was conducted as described below.
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4.1 Simulation experiment

To estimate the type I error probability of the tests, first, B samples of size n are simulated from
the ASN(u, 0, ) distribution with parameters ¢ = 0, 0 = 1 and different values of a € [—20, 20]
as specified in Table 2. The proposed procedure is then applied using the five test statistics under
consideration, with the significance level set at v = 0.05. Finally, the proportion of times that Hy
is rejected over the B repetitions is computed. The power of the test was estimated in the same
manner, using samples from alternative distributions. For this study, a variety of distributions are
considered, including symmetric and asymmetric unimodal distributions, asymmetric bimodal dis-
tributions, and mixtures of two normal distributions.

1. t(v): Student’s ¢t with v degrees of freedom. When v = 1 we have the standard Cauchy distri-
bution.

Lap(0, 1): standard Laplace.

Logit(0, 1): standard logistic.

LN(u, 0): lognormal with location and scale parameters p and o, respectively.
Ga(a, b): gamma with shape and scale parameters a and b, respectively
Exp(1): standard exponential.

x?(v): chi-square with v degrees of freedom.

Gu(0, 1): standard Gumbel.

X ® N Gk »DN

SN(A): standard asymmetric normal with shape parameter .

10. BASN(«): Balakrishnan alpha-skew-normal with parameter o € R. Its probability density
function is
1 [(1—az)?+1]°
Ja) = R
fx(@;a) C(a) [ 2+a? ] (@), z€R,

where C(a) = 3 — 4(2 + o?)~ L. The distribution is unimodal for —0.96 < a < 0.96.
11. ASLap(«): alpha-skew-Laplace with parameter o € R. Its probability density function is

(1—ax)?+1

x(wio) = =

f LP(:E)’ MRS Ra
where fip(z) denotes the standard Laplace distribution. The distribution is unimodal for —1 <
a < 1.

12. ASLogit(c): alpha-skew-logistic with parameter a € R. Its probability density function is

3(1 — az)? +

1
6T n20z Nwc@) TER,

Ix(@a) =
where fig(x) denotes the standard logistic distribution. The distribution is unimodal for

—08 <a<0.38.

13. mixN: mixture of two normal distributions N(z4,04) and N(up, op) with mixing parameter
w € (0,1).
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4.2 Results

According to Table 2, the estimated type I error probability of the tests is generally less than or equal
to the specified significance level. This indicates that, under the considered configurations of the
shape parameter and sample size, all five tests under study maintain a level of v. Instances where
the estimated probability slightly exceeds the nominal significance level may be attributed to the
inherent variability of the simulation.

Several key observations from Tables 3 and 4 are as follows:

- The estimated power of the tests behaves consistently, increasing as the sample size increases.

- When the alternative distribution has heavy tails, as in the case of the standard Cauchy or
Student’s t distribution with 2 degrees of freedom, the tests exhibit high power even for sample
sizes as small as n = 20. However, as the degrees of freedom of the Student’s ¢ distribution
increase, the power of the tests decreases.

- For the standard logistic distribution, the tests exhibit very low power, even with sample sizes
of n = 50 and n = 100, indicating that the tests may struggle to distinguish the logistic distri-
bution from the ASN model. In contrast, the standard Laplace distribution is better identified.

- For most of the unimodal asymmetric alternative distributions studied, the tests demonstrate
strong discriminatory capability. However, they perform poorly with the Gumbel distribution,
where power estimates remain low even for n = 100. Similarly, the tests fail to effectively detect
the asymmetric normal distribution for the considered values of the asymmetry parameter.
However, the power improves as the absolute value of the shape parameter increases. For the
standard exponential distribution, the asymmetric Student’s ¢ with 1 degree of freedom, and the
chi-square distribution with 2 degrees of freedom, the tests show favorable power. However,
as the degrees of freedom increase in the last two cases, the power of the tests decreases.

- Among the specified asymmetric bimodal distributions, the BASN distribution is the most ef-
fectively discriminated. The tests demonstrate high power for sample sizes of n = 100, with
power increasing as bimodality and asymmetry intensify.

- When the alternative distribution is a mixture of two normal distributions, the estimated power
of the tests increases as the value of one of its parameters increases or as the mixing proportion
deviates from 1/2.
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D

Vv

W2

U2

A2

20

0.04
0.04
0.05
0.04
0.04
0.02
0.02
0.03
0.04
0.05
0.05
0.05
0.04

0.05
0.04
0.04
0.04
0.06
0.04
0.04
0.04
0.04
0.05
0.06
0.05
0.04

0.04
0.05
0.05
0.03
0.03
0.02
0.02
0.02
0.03
0.04
0.04
0.05
0.04

0.04
0.04
0.05
0.04
0.04
0.06
0.04
0.04
0.04
0.05
0.04
0.05
0.04

0.04
0.05
0.04
0.05
0.04
0.03
0.02
0.02
0.04
0.05
0.05
0.04
0.04

50

0.04
0.04
0.05
0.04
0.04
0.02
0.01
0.03
0.04
0.05
0.05
0.04
0.04

0.05
0.04
0.05
0.06
0.04
0.04
0.04
0.04
0.05
0.05
0.05
0.05
0.04

0.04
0.05
0.05
0.04
0.04
0.03
0.01
0.03
0.04
0.05
0.05
0.04
0.04

0.05
0.05
0.04
0.05
0.06
0.04
0.03
0.04
0.04
0.04
0.05
0.04
0.05

0.04
0.05
0.05
0.04
0.05
0.04
0.03
0.04
0.04
0.05
0.05
0.04
0.04

100

10
15
20

0.05
0.05
0.04
0.04
0.05
0.03
0.01
0.02
0.04
0.05
0.04
0.05
0.04

0.05
0.05
0.04
0.04
0.05
0.04
0.04
0.04
0.05
0.05
0.05
0.05
0.05

0.03
0.05
0.04
0.03
0.03
0.03
0.01
0.04
0.03
0.05
0.05
0.05
0.04

0.05
0.05
0.04
0.05
0.04
0.04
0.04
0.04
0.05
0.05
0.04
0.05
0.05

0.05
0.04
0.04
0.04
0.03
0.03
0.02
0.03
0.04
0.05
0.05
0.05
0.04

Table 2: Estimated probability of type I error of the tests for different values of n and different values

of the parameter «, with v = 0.05.
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Alternative distribution | D vV | w2 | U? | A? D vV | w2 | U? | A?
Symmetric unimodal distributions
Ca(0,1) 0.73 | 0.76 | 0.80 | 0.75 | 0.81 | 0.96 | 0.95 | 0.99 | 0.96 | 0.99
t(2) 0.45 | 0.46 | 0.50 | 0.47 | 0.51 | 0.65 | 0.65 | 0.67 | 0.66 | 0.70
t(3) 0.29 | 0.30 | 0.35 | 0.29 | 0.35 | 0.40 | 0.39 | 0.45 | 0.40 | 0.48
Lap(O, 1) 0.08 | 0.08 | 0.14 | 0.10 | 0.15 | 0.25 | 0.26 | 0.30 | 0.26 | 0.34
Logit(0,1) 0.04 | 0.05 | 0.07 | 0.05 | 0.07 | 0.06 | 0.08 | 0.10 | 0.06 | 0.09
Asymmetric unimodal distributions
LogN(0,0.5) 0.18 | 0.19 | 0.22 | 0.18 | 0.24 | 0.30 | 0.31 | 0.35 | 0.31 | 0.39
Exp(1) 0.42 | 0.41 | 0.51 | 0.41 | 0.54 | 0.70 | 0.69 | 0.77 | 0.70 | 0.80
Ga(0.5,1) 0.73 1 0.72 | 0.81 | 0.72 | 0.84 | 0.95 | 0.95 | 1.00 | 0.95 | 1.00
Ga(2,1) 0.23 | 0.24 | 0.30 | 0.25 | 0.33 | 0.48 | 0.51 | 0.55 | 0.47 | 0.58
X2(2) 0.40 | 0.41 | 0.45 | 0.42 | 0.47 | 0.59 | 0.61 | 0.65 | 0.63 | 0.66
X2(4) 0.08 | 0.09 | 0.10 | 0.08 | 0.15 | 0.23 | 0.24 | 0.28 | 0.24 | 0.32
Gu(0,1) 0.10 | 0.09 | 0.12 | 0.10 | 0.11 | 0.14 | 0.15 | 0.17 | 0.14 | 0.17
NS(0.5) 0.04 | 0.05 | 0.06 | 0.05 | 0.06 | 0.04 | 0.05 | 0.03 | 0.05 | 0.03
NS(2.5) 0.15 | 0.14 | 0.19 | 0.16 | 0.21 | 0.29 | 0.26 | 0.34 | 0.25 | 0.35
Asymmetric bimodal distributions
BASN(2) 0.27 | 0.28 | 0.31 | 0.26 | 0.31 | 0.46 | 0.47 | 0.52 | 0.45 | 0.53
BASN(6) 0.43 | 0.41 | 0.45 | 0.42 | 0.48 | 0.63 | 0.60 | 0.64 | 0.61 | 0.65
ASLap(Q) 0.10 | 0.12 | 0.15 | 0.12 | 0.14 | 0.26 | 0.27 | 0.32 | 0.27 | 0.35
ASLap(6) 0.33 1033 1035|033 ] 0.36 | 048 | 0.50 | 0.53 | 0.49 | 0.56
ASLogit(2) 0.17 | 0.18 | 0.19 | 0.16 | 0.19 | 0.30 | 0.29 | 0.32 | 0.29 | 0.31
ASLogit(6) 0.33 | 0.32 | 0.36 | 0.33 | 0.38 | 0.46 | 0.47 | 0.50 | 0.46 | 0.55
mixN(0.5,-2,2,1,1) 0.08 | 0.12 | 0.09 | 0.13 | 0.10 | 0.07 | 0.10 | 0.07 | 0.09 | 0.06
mixN(0.3,-2,2,1,1) 0.13 | 0.12 | 0.16 | 0.13 | 0.16 | 0.36 | 0.35 | 0.40 | 0.34 | 0.42
miXN(O.S7 -3,3,1, 1) 0.21 | 0.21 | 0.24 | 0.20 | 0.24 | 0.51 | 0.49 | 0.54 | 0.50 | 0.54
mixN(0.7,-3,3,2,2) 0.14 | 0.14 | 0.15 | 0.13 | 0.16 | 0.31 | 0.30 | 0.36 | 0.31 | 0.37

Table 3: Estimated power of tests with different values of n and v = 0.05.
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n = 100 n = 300

Alternative distribution | D vV | w2 | U? | A? D vV | w2 | U? | A?

Symmetric unimodal distributions
Ca(0,1) 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
t(2) 0.90 | 0.89 | 0.95 | 0.88 | 0.96 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
t(3) 0.61 | 0.62 | 0.65 | 0.61 | 0.68 | 0.96 | 0.95 | 1.00 | 0.96 | 1.00
Lap(O, 1) 0.44 | 0.44 | 0.50 | 0.43 | 0.50 | 0.92 | 0.91 | 0.96 | 0.92 | 0.97
Logit(0,1) 0.09 | 0.09 | 0.10 | 0.08 | 0.10 | 0.12 | 0.11 | 0.15 | 0.13 | 0.16

Asymmetric unimodal distributions
LogN(0,0.5) 0.50 | 0.52 | 0.56 | 0.51 | 0.61 | 0.82 | 0.82 | 0.85 | 0.81 | 0.86
Exp(1) 0.93 | 0.91 | 0.96 | 0.90 | 0.99 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
Ga(0.5,1) 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
Ga(2,1) 0.71 | 0.72 | 0.75 | 0.70 | 0.80 | 1.00 | 1.00 | 1.00 | 0.99 | 1.00
X2(2) 091 | 093 | 095|092 | 0.98 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
X2(4) 0.50 | 0.51 | 0.56 | 0.52 | 0.60 | 0.85 | 0.87 | 0.93 | 0.85 | 1.00
Gu(0,1) 0.21 | 0.21 | 0.25 | 0.20 | 0.25 | 0.40 | 0.42 | 0.45 | 0.40 | 0.46
SN(0.5) 0.03 | 0.04 | 0.02 | 0.05 | 0.02 | 0.01 | 0.04 | 0.03 | 0.03 | 0.01
SN(2.5) 0.31 | 0.32 | 0.35 | 0.33 | 0.36 | 0.55 | 0.56 | 0.59 | 0.55 | 0.60

Asymmetric bimodal distributions
BASN(2) 0.76 | 0.75 | 0.80 | 0.74 | 0.82 | 1.00 | 0.98 | 1.00 | 0.96 | 1.00
BASN(6) 0.86 | 0.87 | 0.90 | 0.86 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
ASLap(Q) 0.52 | 0.51 | 0.55 | 0.52 | 0.60 | 0.91 | 0.90 | 0.95 | 0.91 | 1.00
ASLap(6) 0.77 | 0.76 | 0.80 | 0.76 | 0.82 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
ASLogit(2) 043 | 0.44 | 0.47 | 0.42 | 0.51 | 0.70 | 0.72 | 0.75 | 0.70 | 0.80
ASLogit(6) 0.67 | 0.69 | 0.72 | 0.70 | 0.74 | 0.95 | 0.96 | 1.00 | 0.97 | 1.00
mixN(0.5,-2,2,1,1) 0.06 | 0.05 | 0.04 | 0.05 | 0.05 | 0.06 | 0.05 | 0.05 | 0.05 | 0.03
mixN(0.3,-2,2,1,1) 0.48 | 0.46 | 0.50 | 0.46 | 0.52 | 0.65 | 0.61 | 0.71 | 0.63 | 0.72
mixN(0.3,-3,3,1,1) 0.69 | 0.68 | 0.72 | 0.69 | 0.72 | 0.80 | 0.76 | 0.81 | 0.78 | 0.83
mixN(0.7,-3,3,2,2) 0.69 | 0.68 | 0.70 | 0.70 | 0.71 | 0.81 | 0.79 | 0.82 | 0.78 | 0.84

Table 4: Estimated power of tests with different values of n and v = 0.05 (continued).
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5 Application examples

In this section, we illustrate the application of the proposed tests using two datasets, one unimodal
and one bimodal, to demonstrate their practical performance in real-world situations.

5.1 Unimodal data

The variable of interest in this dataset is the relative change in the length of corn seeds under compres-
sive stress, referred to as strain. To assess the mechanical damage sustained by corn seeds when
subjected to compressive forces, an experiment was conducted in which seeds with varying moisture
levels and different endosperm types were compressed until rupture occurred. This dataset, origi-
nally analyzed by Gonzélez-Estrada and Cosmes (2019), contains 90 observations (in millimeters) of
strain measured in corn seeds with floury endosperm and 8% moisture. The histogram of the data
is shown in Figure 3.

1.0

0.8
|

density
3
I
Fa(x)

0.4

0.2

0
1

0.0
1

T T T T T T T T T T
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

strain strain

Figure 3: Histogram and empirical distribution function of the st rain data. The solid line represents
the fitted ASN(4 = 0.29,6 = 0.07, & = 1.01) distribution.

Applying the proposed procedure to this dataset, the test statistic values obtained are
VnD, = 0.5403, /nV, = 0.8931, W2 =0.0266, U> = 0.0264 and A2 = 0.2272.

The corresponding 5% significance level quantiles for each test statistic are 0.9081, 1.4247, 0.1338,
0.1051 and 0.7568, respectively. As all computed test statistic values fall below their critical quantiles,
the hypothesis of alpha-skew-normality is not rejected. This suggests that the ASN distribution pro-
vides a plausible model for describing the stochastic behavior of the data. This conclusion is further
supported by Figure 3, which demonstrates a good agreement between the empirical distribution
function of the sample and the fitted ASN distribution function.
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5.2 Bimodal data

The following example consists of 63 observations of the breaking strength of 1.5 cm-long glass fibers,
obtained by the National Physical Laboratory in the United Kingdom. These data can be found, for
example, in the text by Jones and Pewsey (2009). The histogram in Figure 4 reveals a small bump,
which may indicate the presence of bimodality.

1.0

density
Fa(x)

0.4

0.2

T T T T T T T T
0.5 1.0 15 2.0 0.5 1.0 1.5 2.0

strength strength

Figure 4: Histogram and empirical distribution function of the st rength data. The solid line repre-
sents the fitted ASN(ji = 1.32,6 = 0.26, & = —1.58) distribution.

Applying the proposed procedure to the st rength data, the observed values of the test statistics
are

VnD, = 0.7625, /nV,, =1.2784, W2 =0.0830, U? =0.0788 and A% = 0.4364.

At the 5% significance level, the critical quantiles for each test statistic are 0.9046, 1.4114, 0.1344,
0.1041 and 0.7533, respectively. Since all observed test statistics fall below their corresponding quan-
tiles, the results support the alpha-skew-normality hypothesis, suggesting that the ASN distribution
provides an appropriate approximation to the frequency distribution of the data. This conclusion is
further supported by Figure 4, which shows a good agreement between the empirical distribution
function of the data and the fitted ASN distribution function.

6 Conclusions

This paper presents a general testing procedure based on classical goodness-of-fit tests for assessing
the validity of any member of the ASN(y, o, a) family of distributions when the parameters y, o
and a are unknown. The null distribution of each test statistic was approximated using its prior
predictive distribution, effectively eliminating dependence on the shape parameter.

The Monte Carlo simulation study provides evidence that the type I error probability of the tests
does not exceed the nominal significance level, indicating that the use of the five proposed tests
is statistically valid in terms of maintaining the intended significance level. Furthermore, the tests
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demonstrate strong power against the considered alternative distributions. Among the tests studied,
those based on the W? and A? statistics demonstrate appreciably higher power.
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7 Appendix

# Function that calculates the density of the alpha-skew-normal
# distribution of location-scale:
dasnls <- function(x, mu, sigma, alpha) {

w <—- (1/sigma) *(x - mu)

num <- (1 - alphaxw)”*2 + 1

den <- sigmax (2 + alpha”?2)

res <—- (num/den) *dnorm (w)

return (res)

# Function that calculates the cumulative density of the
# alpha-skew-normal distribution of location-scale:
pasnls <- function(x ,mu, sigma, alpha) {

w <- (1/sigma) *(x - mu)

num <- 2+*sigma - alphax*(x - mu)

den <- sigmax* (2 + alpha”2)

res <- pnorm(w) + alpha*dnorm(w) * (num/den)

return (res)

# Function that fits a alpha-skew-normal distribution of location-scale
# to data, using maximum likelihood estimation:
library (moments)
mle_asn <- function (data) {
11 <- function(par){(-1)+*sum(log(dasnls(data, mu=par[l], sigma=par([2],
alpha=par(3])))}

if (skewness(data) > 0

{

( )
initl <- c(mean(data), sd(data), 1)
init2 <- c(mean(data), sd(data), 5)
init3 <- c(mean (data) sd(data), 10)

14
optl <- optim(initl, 11) ; opt2 <- optim(init2z, 11)
opt3 <- optim(init3, 11)
indmin <- which.min (c (optlS$Svalue, opt2$value, opt3S$value))
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if (indmin == 1) out <- optl$par ; if (indmin ==
if (indmin == 3) out <- opt3S$par
} else {

initl <- c(mean(data), sd(data), -1)
init2 <- c(mean(data), sd(data), -5)
init3 <- c(mean(data), sd(data), -10)

optl <- optim(initl, 11) ; opt2 <- optim(init2,

opt3 <- optim(init3, 11)

indmin <- which.min (c (optlS$value, opt2Svalue,
if (indmin == 1) out <- optl$par ; if(indmin ==

if (indmin == 3) out <- opt3$par
}

return (out)

# Function that obtains, for a set of data,
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) out <- opt2S$par

11)

opt3svalue))

) out <- opt2$par

the value of empirical

# distribution function statistic with respect to the alpha-skew-normal

# distribution:

edfs_asn <- function(data, mu, sigma, alpha) {

n <- length(data)

xsort <- sort (data)

pos <- 1l:n

z <- pasnls(xsort, mu, sigma, alpha)
Dp <- max((pos/n) - z)

Dm <- max(z - ((pos - 1)/n))

D <- sgrt (n)*max (Dp, Dm)

V <- sgrt(n)* (Dp + Dm)

W2 <— sum((z — ((2+«pos — 1)/(2*n)))"2) +
U2 <= W2 - (nx(mean(z) - 0.5)"2)

aux <- sapply(l:n, function(i){l - z[n + 1
A2 <= -n - (1/n)*sum((2+pos — 1)x*(log(z)

return (round(c (D, V, W2, U2, A2), 4))

(1/(12%n))

+ log(aux)))

Function that performs linear interpolation to obtain the constant

tab: table of critical constants.
n: size of the sample in turn.
interp <- function(tab, n){
ns <- c¢(5, 10, 20, 30, 40, 50, 75, 100,
pos_upp <- 1
while (n > ns[pos_uppl) {
pos_upp <- pos_upp + 1
}
pos_low <- length (ns)
while (n < ns[pos_low]) {
pos_low <- pos_low - 1
}
g_upp <- tab[pos_upp, 3:7]
g_low <- tab[pos_low, 3:7]

#
# critical:
#
#

300, 400, 500)

aux <— ((n - ns[pos_low])/ (ns[pos_upp] - ns[pos_low]))

g_aux <- auxx* (g _upp - g_low) + g_low
return (g_aux)

SJS, Vol. 7 No. 1 (2025), pp. 109-129
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# Table of critical constants (Table 1):
coll <- rep(c(0.90, 0.95, 0.99), each=13)
col2 <- rep(ns, times=3)

col3 <- c¢(0.6911, 0.7384, 0.7856, 0.8084, 0.8225, 0.8234, 0.8236, 0.8241,
0.8261, 0.8293, 0.8323, 0.8349, 0.8371, 0.7541, 0.8172, 0.8597,
0.8839, 0.9096, 0.9043, 0.9051, 0.9102, 0.9132, 0.9152, 0.9159,
0.9174, 0.9184, 0.8833, 0.9578, 1.0129, 1.0585, 1.0685, 1.0862,
1.0917, 1.0921, 1.0919, 1.0922, 1.0942, 1.0936, 1.0963)

cold4 <- c(l.1166, 1.1856, 1.2521, 1.2836, 1.3032, 1.3196, 1.3245, 1.3244,
1.3289, 1.3424, 1.3461, 1.3444, 1.3467, 1.1976, 1.2721, 1.345¢,
1.3791, 1.3966, 1.4006, 1.4212, 1.4227, 1.4377, 1.4427, 1.4411,
1.4435, 1.4446, 1.3359, 1.4681, 1.5426, 1.5652, 1.6062, 1.6112,
1.6196, 1.6333, 1.6465, 1.6467, 1.6465, 1.6528, 1.6501)

col5 <- ¢(0.0807, 0.089%98, 0.0993, 0.1034, 0.1063, 0.1077, 0.1089, 0.1091,
0.1098, 0.1101, 0.1109, 0.1096, 0.1105, 0.0982, 0.1108, 0.1219,
0.1302, 0.1386, 0.1347, 0.1341, 0.1356, 0.1365, 0.1379, 0.1369,
0.1408, 0.1406, 0.1417, 0.1674, 0.1752, 0.1878, 0.2011, 0.2097,
0.2122, 0.2158, 0.2162, 0.2167, 0.2166, 0.2193, 0.2177)

col6 <- c¢(0.0718, 0.0756, 0.0805, 0.0824, 0.0849, 0.0858, 0.0867, 0.0869,
0.0858, 0.0868, 0.0875, 0.0877, 0.0875, 0.0879, 0.0909, 0.0987,
0.1005, 0.1034, 0.1043, 0.1049, 0.1058, 0.1056, 0.1062, 0.1069,
0.1067, 0.1069, 0.1215, 0.1308, 0.1393, 0.1426, 0.1513, 0.1511,
0.1518, 0.1518, 0.1568, 0.1573, 0.1594, 0.1599, 0.1594)

col7 <- ¢ (0.4853, 0.5409, 0.5842, 0.6131, 0.6251, 0.6257, 0.6293, 0.6298,
0.6303, 0.6326, 0.6318, 0.6394, 0.6396, 0.5602, 0.6394, 0.6964,
0.7382, 0.7544, 0.7541, 0.7565, 0.7596, 0.7631, 0.7645, 0.7682,
0.7719, 0.7801, 0.7116, 0.9011, 0.9345, 1.0061, 1.1189, 1.1215,
1.1381, 1.1475, 1.1496, 1.1483, 1.1468, 1.1503, 1.1499)

tabg <- data.frame(coll, col2, col3, col4, colb5, col6, col7)

colnames (tabg) <- c("P", "n", "D", "Vv", "w2", "U2", "A2")

# Function that obtains the critical constant corresponding to each test:
# tab: table of critical constants.
# sig: significance level of the test (0.01, 0.05, 0.10).
# naux: size of the sample in turn.
gtab <- function(tab, sig, naux) {
tab_aux <- tab[which((1 - sig) == tab$P),]
if (naux %in% tab_aux$n) {
g_aux <- tab_aux[which (naux == tab_aux$n), 3:7]
} else {
if (naux > 500) {
g_aux <- tab_aux[which (500 == tab_aux$n), 3:7]

} else {g_aux <- interp(tab_aux, naux)}

}

return (g_aux)

Function that performs, from a set of data, the test for
alpha-skew-normality:

sig: significance level of the test (0.01, 0.05, 0.10).
pv: boolean object that takes the value of TRUE if the

H= o o 3
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p-value of the test is desired, otherwise the value
of FALSE is specified.
The routine returns the following data:
edfsobs: observed value of each test statistic.
quantile: value of the critical constant for each test.
rejectHO: boolean object that takes the value of TRUE if HO is rejected,
otherwise FALSE means that it is not rejected.
mles: maximum likelihood estimates for the parameters.
pvalue: p-value for each test.

edfstest_asn <- function(data, sig, pv) {

naux <- length (data)
mle <- mle_asn (data)
tobs <- edfs_asn(data, mle[l], mle[2], mle[3])
gp <- gtab(tabg, sig, naux)
test <- tobs > gp
if (pv == FALSE) {
print (list (edfsobs=tobs, quantile=qgp, rejectHO=test, mles=mle))
}
if (pv == TRUE) {
M <- 1E3
aux <- edfsdist_asn(naux, rcauchy (M, 0, 3/2))
pv <- apply (sapply(1:M, function(j) {aux[,]j] > tobs}), 1, mean)
print (list (edfsobs=tobs, quantile=qgp, rejectHO=test, mles=mle,
pvalue=pv))

SJS, Vol. 7 No. 1 (2025), pp. 109-129
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1 Introduction

This article offers a written version of the speech I delivered on April 7, 2025, the day I received
the 2024 Spanish national award in statistics. I am grateful to the editor of the Spanish Journal of
Statistics for the invitation to share it with the journal’s readers. The ceremony took place at the
Royal Spanish Academy of Exact, Physical, and Natural Sciences in Madrid. The event was made
especially memorable by the presence of His Majesty King Felipe VI of Spain.

The video of the ceremony can be seen in https:/ /www.youtube.com/watch?v=3wqZ8h60rYg.

2 Opening remarks

Good morning. Your Majesty, Secretary of State, President of the Royal Spanish Academy of Ex-
act, Physical, and Natural Sciences, President of the National Statistics Institute, authorities, guests,
colleagues, family members, and friends.

I would like to begin by expressing my gratitude to His Majesty for his presence, which elevates
this ceremony and lends even greater significance to this event. To the Secretary of State, for the insti-
tutional support he represents. And to this Royal Academy, for welcoming us into this magnificent
home as host of this occasion.

My special thanks go to the National Statistics Institute for establishing this prestigious award,
which highlights the value of statistics as an essential tool for informed decision-making and en-
courages us to continue developing methodologies that transform data into useful knowledge for
society.

It is a great honor to receive this award, which recognizes years of effort and dedication and brings
visibility to my work. The stature of previous laureates—three of whom are here today—confirms its
relevance (see Figure 1).

Figure 1: His Majesty King Felipe VI (center), together with four of the five laureates—shown
from left to right: 2022 (Enrique Castillo), 2021 (Wenzeslao Gonzalez), 2024 (the author, Concha
Bielza), and 2020 (Daniel Pefia)—and the Presidents of the National Statistics Institute and of the
Royal Academy of Sciences.
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My thanks also go to the selection committee for granting me this distinction, to those who sup-
ported my candidacy with their letters, and to those who encouraged me to apply. I am likewise
grateful to the other candidates, who help keep interest in this award alive. And thank you, Pedro,
for your words in the laudatio and for being, amid the daily whirlwind, a true friend and my best
companion in both hardships and achievements over many years (see Figure 2).

Figure 2: Moments from the ceremony: Pedro Larrafiaga delivering the laudatio (left), and the ap-
plause following the award ceremony, with His Majesty King Felipe VI, the Secretary of State, and
the President of the National Statistics Institute (right).

3 Foundations of my research career

My path in statistics began during my undergraduate studies in Mathematics at the Universidad
Complutense de Madrid. After finishing my degree, I taught at the beautiful Royal University Center
Maria Cristina in San Lorenzo de El Escorial (see Figure 3, left)—a private university that is part of
the famous Monastery—and I also worked in a major Spanish company in the field of computing,
where, without realizing it at the time, I was already moving toward artificial intelligence through
what were then known as “expert systems.”

In 1991, I joined the School of Computer Engineering (then still the Faculty of Computer Science)
at the Universidad Politécnica de Madrid (see Figure 3, right), where I began my doctoral studies
in the Department of Artificial Intelligence, which included the area of statistics and operations re-
search. This was thanks to Sixto and David Rios Insua, whose support was fundamental in my early
career.

With David—an Academician of this Royal Academy—I carried out my PhD on decision-making
under uncertainty within Bayesian decision theory. We represented the decision-making problems
using influence diagrams (see Figure 4), a then-recent probabilistic graphical model, and extended
them to contexts under partial information.

We applied these ideas in a decision-support system for neonatal jaundice, developed in collab-
oration with the Gregorio Marafién Hospital, which enabled less invasive treatments and improved
clinical understanding. This work gave rise to two PhD dissertations that I supervised: one on mod-
eling and another on explanation generation— a topic we were already addressing in the early 2000s

SJS, Vol. 7 No. 1 (2025), pp. 131-139
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Figure 3: Royal University Center Maria Cristina in San Lorenzo de El Escorial (left) and the School
of Computer Engineering at the Universidad Politécnica de Madrid (right).

and which is now reflected in European artificial intelligence regulation through the so-called right
to a clear and comprehensible explanation, essential for building trust in algorithmic decisions.

e

Figure 4: The structure of an influence diagram.

I also wrote several textbooks—on statistics for medical doctors, on decision-support systems,
and on operations research (see Figure 5). I worked on decision-making problems across different
sectors, and together with the School of Agricultural Engineering at the Universidad Politécnica de
Madrid, we developed predictive models in the agri-food domain to estimate the probability of fruit
damage as it moved along grading lines, which led to registered software that attracted the interest
of cooperatives.

I consolidated my research independence and collaborated with international colleagues, such
as Prakash Shenoy. We presented joint works at one of the early editions of AISTATS—then still a
workshop—the seed of today’s community that brings together statistics and artificial intelligence. I
was fascinated to see how both worlds were coming to meet each other: Al was recognizing the need
to incorporate uncertainty, and statistics was relying on increasingly powerful computational meth-
ods. At this intersection, probabilistic graphical models—particularly Bayesian networks—were be-
ginning to stand out. These networks have been the cornerstone of my research. They represent
uncertain knowledge through interpretable graphs and enable probabilistic reasoning of any kind.

Judea Pearl, their principal proponent, has been described as “the most original and influential
thinker in statistics today.” The influence diagrams that shaped my early research could be seen as
their informal precursors, since Bayesian networks offered a more powerful formalism by explicitly
incorporating the semantics of conditional independence, thus linking graphs and probabilities.
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My first applications of Bayesian networks were in predicting surface roughness in high-speed
machining, in collaboration with the Institute of Industrial Automation of the Spanish National Re-
search Council (CSIC), a project that led to the third PhD dissertation I supervised. Indeed, some
years later, industry would become central to my research.

4 Towards a data-driven neuroscience

The arrival of Pedro Larrafiaga at the Universidad Politécnica de Madrid at the end of 2007 marked
the beginning of my next stage, which was undoubtedly a fruitful one. Together, we created the
Computational Intelligence Group from scratch, with a strong commitment to computational neuro-
science, just when our university was joining ambitious international initiatives focused on the study
of the brain—one of the great scientific challenges of the 21st ¢ entury. I will highlight some mile-
stones achieved over more than 15 years of work in neuroscience, mainly within two major projects:
the Cajal Blue Brain Project and the Human Brain Project.

In neuroanatomy, we addressed the classification and nomenclature of neurons—a century-old
debate—on the basis of their morphology, electrophysiology, and transcriptome, achieving high-
impact publications in journals of the Nature group. It required a significant effort to establish the
value of data-driven models within a community not accustomed to using them.

We also explored the spatial organization of synapses and dendritic spines through spatial statis-
tics—barely used in this field—to investigate whether their arrangement follows structured patterns
or is essentially random. Another challenge was to test the hypothesis that neuronal arborizations
are designed to maximize connectivity while minimizing wiring length.

It was a real gift to work with the renowned neuroscientists Javier deFelipe (CSIC) and Rafael
Yuste (Columbia University), see Figure 6.

In neurological disorders such as Alzheimer’s disease, Parkinson’s disease, and epilepsy, we
worked on the identification of biomarkers, the d efinition of clinical subtypes, and the prediction
of disease progression and quality of life—the latter based on multiple dimensions (see Figure 7).
We used highly diverse data—genetic, clinical, neuropsychological, imaging, and questionnaire-
based—and collaborated with hospitals and research centers, both national and international. We
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Figure 6: Javier de Felipe (CSIC) (left) and Rafael Yuste (Columbia University) (right).

also worked on classifying mental activity from magnetoencephalography recordings, contributing
to the so-called brain decoding, a key line of research in brain—computer interfaces.
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Figure 7: A Bayesian network to predict the European quality of life-5 dimensions (EQ-5D, in pink)
from the 39-item Parkinson’s disease questionnaire (PDQ-39).

In neuroscience, the lack of data-driven models led me to embark, with Pedro, on the writing
of a book published by Cambridge University Press in 2021, which brings together methods from
statistics and machine learning and their applications to real data (see Figure 8, left). After more than
six years of work and nearly 700 pages, a dear collaborator—who is here today—suggested marking
the occasion with steaks matching the weight of the book—almost one and a half kilos. The image
has stayed with us ever since... although the meal has yet to be served.

The applications have been highly rewarding because of their real-world impact, but behind each
of them there is, more often than not, a methodological gap that needed to be addressed, leading
us to develop our own solutions, particularly in the area of Bayesian networks. We have often dealt
with atypical types of data: directional data (such as neuronal branching angles); non-Gaussian data
(common in real applications); or datasets with far more variables than observations (as in genomics).

We have also faced challenges such as noisy labels (as in the long-standing, inconsistent nomen-
clature of neurons); multiple interrelated classes (as in the multidimensional assessment of qual-
ity of life in Parkinson’s disease); model consensus (for example, when integrating the opinions of
several experts); computationally efficient learning; the construction of regularized—and even mas-
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5 Probabilistic modeling for Industry 4.0

Around 2018, my research began to shift toward the industrial sector, within the framework of the
so-called Industry 4.0, in which sensors, machines, and people collaborate in interconnected systems
that require real-time analysis. Time series and data streams arrive at high sampling rates, in the
form of electrical, mechanical, or environmental signals, reflecting complex p rocesses that evolve
over time.

Working hand in hand with several companies, we have addressed multiple dynamic problems,
where the aim is to monitor the operational state of assets, anticipate failures (predictive mainte-
nance), and determine the best course of action (prescriptive maintenance).

Among these applications, I will highlight two. The first concerns industrial furnaces with tubes
through which a thermal fluid circulates. The progressive accumulation of impurities on their walls
hampers heat transfer and forces an increase in energy consumption to maintain the desired tem-
perature of the fluid. If no action is taken in time, the thermal limit of the material may be reached,
causing damage. Using dynamic Bayesian networks, we were able to anticipate several days in ad-
vance when a section of the furnace would require cleaning, thereby optimizing maintenance and
avoiding inefficiencies or risks.

The second application focuses on estimating the remaining useful life of bearings used in ma-
chine tools (Figure 9) and in pumps at desalination plants, whose progressive degradation generates
signals that change in complex ways. We developed a model with latent variables—variables that are
not directly observed—that automatically captures the different phases of deterioration and adapts
to the evolution of the signal.

In all these contexts, we have designed increasingly complex and adaptive dynamic Bayesian
networks. It is particularly important to identify different operating modes, detect anomalies, or
determine when a model ceases to be valid because the underlying process has changed.
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Figure 9: A degraded bearing (image courtesy of Aingura IIoT).

To strengthen this new industrial orientation, I became involved in another book, this one on In-
dustrial Applications of Machine Learning, published by CRC Press in 2019 and translated into Chinese
in 2023 (see Figure 8, right).

In some of the problems we addressed, it was necessary to optimize complex, multi-objective
functions, often in immense spaces where exact methods are not feasible. One example is the optimal
design of a biolubricant for MotoGP racing, with millions of possible ingredients for the formulation.
Here, we contributed to the development of stochastic evolutionary algorithms based on Bayesian
networks—so-called estimation of distribution algorithms—which, although they provide no guar-
antee of optimality, make it possible to find good solutions and to better understand the optimization
process.

6 Reflections and gratitude

Research is not only about discovery; it is also about teaching and sharing. I have maintained that
commitment not only in the university classroom, but also in other professional settings, such as
with civil servants from the Ministry of Education, the Directorate-General for the Cadastre, the
Carlos III Health Institute, or the Cervantes Institute in Berlin. But if I had to highlight one initiative,
it would be the Machine Learning and Advanced Statistics Summer School, which I have co-directed
for many years at the Universidad Politécnica de Madrid and which is updated regularly to reflect
current advances (see Figure 10).

Before closing, I would like to highlight several ideas that have been central to my career. First, the
importance of interdisciplinary work in addressing today’s major challenges with a richer and more
complementary perspective. Second, the value of building bridges between statistics and machine
learning—as Bayesian networks do—to approach the analysis of complex modern data with rigor
and efficiency. Third, the need to ensure the ethical use of data and algorithms, placing people at the
center and promoting statistical literacy; in this spirit, I encourage signing the manifesto promoted
by the Spanish Society of Statistics and Operations Research (SEIO). And finally, the importance of a
strong commitment to technology transfer, from the university to the industrial ecosystem.

I conclude these words with my deepest gratitude to those who have accompanied me on this
journey, for this award belongs to them as well. To the Universidad Politécnica de Madrid, for al-
lowing me to develop my career freely in an environment committed to research and technology
transfer. To my collaborators, institutions, and companies with whom I have worked, with the hope
of continuing to move forward together. To my doctoral students—past and present—for their talent,
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dedication, and trust, even at a time when job offers outside academia are more tempting than ever.
To Laura, our program coordinator, for her constant efficiency and unfailingly positive attitude, even
when facing bureaucracy. And to my friends and family, for their endless support, understanding,
and love throughout the journey of life.

Allow me to mention three special people from an earlier generation, from whom one always
learns. My aunt Concha—Concha Bielza, like me—who is here today and who, at almost 98 years
old, remains a model of vitality and affection. And my parents, who always fostered an environment
of study and instilled in my three sisters and me a culture of effort. My father would have loved to
witness this moment, even if, back in the day, he advised me against studying Mathematics (“What
for?”), preferring that I choose an engineering degree as he had done. And my mother, who has been
able to accompany me today, making a great effort simply because she loves me.

I hope this award inspires new generations of statisticians—women and men alike—to pursue
excellence, to work responsibly, and to contribute with enthusiasm to the progress of our discipline.

THANK YOU VERY MUCH.
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