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Abstract: In this paper, we propose to estimate the circular density function by the semiparametric
bias-corrected circular kernel method using the particular von Mises kernel. This method consists to
apply a multiplicative bias correction for the initial parametric model in order to improve the quality
of the estimator as well as the bias. Two semiparametric estimators Hjort and Glad (1995) (HG) and
Jones, Signorini, and Hjort (1999) (JSH) for probability density estimation are applied on circular data
with support [0, 27). The properties of the latter are reported such as the bias, the variance and the
mean square error integrated (MISE). A comparative study is performed to evaluate the performance
of the semiparametric estimator (HG and JSH). The popular cross validation technique is adapted for
bandwidth selection. A simulation and a real data application for circular data illustrate in terms of
integrated squared bias (ISB) and integrated squared error (ISE) that the semiparametric estimators
JSH and JLN with the von Mises kernel perform better than the classical and HG estimators.

Keywords: Bandwidth selection, Circular data, Cross validation, Multiplicative bias correction MBC,
von Mises kernel
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1 Introduction

In recent years, circular data analysis has received a lot of interest in the statistical literature, be-
cause they appear in several areas, such as biology (Batschelet, 1981), ecology (Jammalamadaka and
Lund, 2006), meteorology (Bowers et al., 2000), sociology (Brunsdon and Corcoran, 2006), medicine
(Mooney et al., 2003) and biomechanics (Mann et al., 2003). Given a random sample ©1,03,...,0,

© INE Published by the Spanish National Statistical Institute



92 ZIANE ET AL

which take values in [0, 27) from some unknown density f, the nonparametric kernel density esti-
mator of circular data proposed by (Hall et al., 1987), is given by f(#) = (1/n) o ku(0—©;), where
& > 0 is the estimation point and v is the bandwidth parameter, this estimator is applied by several
authors: (Bai et al., 1988), (Klemeld, 2000), (Taylor, 2008), (Marzio et al., 2009), (Marzio et al., 2011),
(Oliveira et al., 2012), (Amiri et al., 2017), (Tsuruta and Sagae, 2017) and (Bedouhene and Zougab,
2019).

The multiplicative bias correction (MBC) technique improved the kernel estimation by reducing
the order of magnitude of the bias from O(v~!) to O(v~2). Notice that the MBC techniques were
originally proposed in linear symmetric and asymmetric kernel density estimation by (Terrell and
Scott, 1980) (TS estimator) and (Jones et al., 1995) (JLN estimator). This techniques are later used by
several authors: (Hirukawa, 2010; Hirukawa and Sakudo, 2014; Zougab and Adjabi, 2016; Funke and
Kawka, 2015; Zougab et al., 2018) in continuous situation. (Harfouche et al., 2018) and (Harfouche
etal., 2020) in discrete case. Recently, (Bedouhene and Zougab, 2019) applied the MBC techniques on
the circular data which made it possible to improve the quality of the estimate by reducing the order
of magnitude of bias from O(v—1!) to O(v=2).

An alternative to nonparametric method, is the semiparametric estimate of the probability den-

sity proposed by (Hjort and Glad, 1995) (HG), using symmetric kernels for linear case. The idea of
the latter, is to develop an estimator composed of two parts, the first one is the parametric, and the
second represents the non-parametric correction function, this allows to modify the bias and keeps
the variance; see also (Hagmann and Scaillet, 2007) using asymmetric kernels and (Kokonendji et al.,
2009) using discrete kernels.
The present paper mainly focuses on two objectifs. The first objective is to investigate the semipara-
metric estimator on circular data and to develop the associated properties by using the Taylor series
approximations. This has not yet been done in the literature. This work will give an idea on the ef-
ficiency of the semiparametric estimator compared to the nonparametric estimator on circular data.
The semiparametric estimator given by

F(0) = g(0)7(6).0 € [0,2m), (1)

where g(6) is an initial density estimator and #(d) = f(0)/g(f) is the correction factor. Based on the
estimator defined by (1), several cases can be obtained by changing the function g, this allows us to
extend the study to a more general study that includes several modes of estimating the probability
density in the case of circular data. The function g can takes several forms: the uniform distribu-
tion g = 1/27 which gives a classical kernel estimator, the kernel estimator g = f, which gives a
bias-corrected estimator JLN (Jones et al., 1995), and a parametric model g = f,q which gives a
semiparametric estimator defined by frc(0) = four(0)7(0) (see,(Hjort and Glad, 1995),(Hirukawa
and Sakudo, 2019) in the linear case).

To improve the quality of the semiparametric estimators HG, (Jones et al., 1999) proposed the so-
called JSH estimator using the classical symmetric kernels. (Jones et al., 1999) are based on the same
idea as (Hjort and Glad, 1995) but in the total nonparametric mode, that we correct the parametric
part by a nonparametric correction what gives generally a same variance and a smaller bias. The
principle of this estimator is to replace the function g by a semiparametric estimator g = frg. More
recently, (Hirukawa and Sakudo, 2019) extends this idea to the asymmetric kernel density estimator
with support R*. This study has shown that the JSH estimator reduces the order of magnitude of the
bias from the O(h~!) to O(h~2) (h is the bandwidth parameter), which can even become unbiased
under the right conditions.

The second objective of the paper is to improve the semiparametric HG ( fra) estimator with von
Mises kernel in the case of circular data by applying the JSH estimator, which will improve the order
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of magnitude of the bias from O(v~!) of the HG estimator to O(v~2) in the case of the JSH estimator
and will keeps the order of magnitude of the variance. The asymptotic and global properties for the
proposed JSH estimator are established.

This paper is organized as follows. Section 2, briefly recalls the classical von Mises kernel density
and its properties. Section 3, presents the semiparametric von Mises kernel density estimator with
different forms of the parametric part. In Section 4, we introduce the HG estimator and its properties
for circular data. Section 5, develops the JSH estimator and its properties for circular case. The unbi-
ased cross validation (UCV) procedure is adapted for choosing the optimal bandwidth. We examine
the performance of the JSH estimator using data generated from known circular distributions via the
integrated squared error (ISE) and integrated squared bias (ISB) criterions in section 6. Section 7,
illustrates an application of real data. Section 8, concludes the paper.

2 von Mises kernel density estimators (A brief review)

Let ©1,0,,...,0, be independant observation from a count distribution with unknown probability
density function (pdf) f defined on the support [0, 27). A von Mises circular kernel density estimator
for f can be expressed as (see for example (Taylor, 2008)):

fou®v) = 3 k(0 ©)
=1

1

n2rlo(v) ;exp{u cos(f — 0;)},0 <0 < 2m, )

where § > 0 is the estimation point (angle where the density is estimated), v = v(n) > 0 is the
smoothing parameter that fulfills h_)m v(n) = 0, and I,(.) denotes the modified bessel function of

order z. The asymptotic formulas of bias and variance are given by (Taylor, 2008)):

Bias550) = L0+ 7D

and

Var(fuu(®:0) = 50 = f6) + o <n> .

The next section discuss the semiparametric approach for circular kernel density estimation.

3 Semiparametric von Mises kernel density estimator

In this section, we present the semiparametric estimator which is composed of two parts paramet-
ric (¢(z)) and non parametric (7(z)). Let ©1,0,,...,0, be independant observation from a count
distribution with unknown probability density function (pdf) f defined on the support [0, 27). The
semiparametric kernel density estimator f is given by:

7(6) := g(0)7(6) = 4(6) {1 3 “9‘9)} , )
=1

where g is the function that can be take many forms (constant, estimator density, parametric and
semiparametric model) and 7(x) serves as a correction factor. The form of the semiparametric von
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Mises kernel density estimator that depends on a design point § and smoothing parameter v is as
following:

Fort (6) := g(8)i(6) = g(6) {1 ) ) 4)

=1

exp{y cos(f0 — ©;)}
9(6i) ’

The estimator f changes with the change of the function g, several cases of estimators can be derived
according to the function g form.
3.1 Function g is an uniform density

When the function g is an uniform density i.e g(¢) = 1/2w, the estimator funr is reduced to a classical
estimator f, 1/, classic defined by (2), as shown below:

Forr(0) = g(0)#(0),
_ 1¢ 27r[0(1/ y exp{v cos(f — ©;)}
_ 9(9){nz ey 7

1=1
B 1 <N 5 exp{ucos(G @Z)}}
SRR
= n27TI Zexp{ycose ©i)},
=1
= va,C’lasszc(e) (5)

The properties of fo M.Classic given by (5) are developed by (Taylor, 2008), (Marzio et al., 2009,
2011).

3.2 Function g is a kernel density estimator

When the function g is a kernel density estimator i.e g(8) = f,1/(), the estimator f,)s becomes the

(Jones et al., 1995), type fully nonparametric MBC estimator (JLN) f,s, 7N given by:

n #ex V COS
Fortain(8) = fors(0) {12 5oy eXP{v cos(d — ©;)} } ‘
n =1 va( )

This estimator is introduced by (Jones et al., 1995), and considered by (Hirukawa, 2010), (Hirukawa
and Sakudo, 2014) for asymmetric kernel density estimation, (Zougab and Adjabi, 2016) for heavy
tailed data using generalized Birnbaum-Saunders kernels, (Harfouche et al., 2018) and (Harfouche
et al., 2020) for discrete situations. More recently, (Bedouhene and Zougab, 2019) have examined the
JLN-von Mises kernel estimator for circular data.

(6)

3.3 Function g is a parametric model

When g belongs to a parametric family, the function g can takes different circular parametric models
Jpar (von Mises, Projected Normal, Wrapped distributions, . .. ), then fv um reduces to the (Hjort and
Glad, 1995) type semiparametric MBC estimator f, s m¢, studied by (Hagmann and Scaillet, 2007)
using asymmetric kernel and by (Kokonendji et al., 2009) for discrete data. Note that the HG-von
Mises circular kernel estimator and its properties will be presented in section 4.
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3.4 Function g is semiparametric estimator f,; ¢

In this case, (Jones et al., 1999) proposed a new JSH estimator which improves the quality of the
estimator as well as the bias compared to the HG estimators already mentioned.

The JSH estimator principle, is to consider the semiparametric f,); estimator and replace the
function g by the f’v M, HG estimator, which improves the convergence of the bias towards 0(1/_2)
whatever the scenario. The section 5, discusses in details the estimator and its properties.

4 The HG estimator and its properties

The semiparametric HG von Mises kernel estimator f}, M,HG is given as follows:

n 1
- (1 1o exp{vcos(f — ©;)}
forrmc(0) = £(6;0) { - :
n ; CHY
Where f(0;9) is the pdf of the von Mises distribution vM () with ¥ = (u,k). the von Mises
distribution is expressed as:

)

1
. _ — <
f(@,u, k) = 9 U(kj) exXp (k COS(Q M)) s 0 0 < 27(,

and ¥ = (ji, k) is the estimated parameter of the ¥ = (u, k) by the maximum likelihood (ML) method.

4.1 Asymptotic properties

To approximate the bias and variance of HG-vM kernel estimator, we assume that:
Set 99 = (o, ko) the value which minimizes the Kullback-Leibler distance of f(6;) from the true
f(0), we also denote fo(-) = f(-, Vo),

A1l. f has four continuous and bounded derivatives.
A2. The sequence of bandwidths v = v/(n), satisfies v — oo and v'/2/n — 0 when n — oo

Theorem 4.1. Under the Assumptions 1-2, the bias and variance of HG-vM kernel estimator defined by (7),
for a given 6 € [0, 27), are given by:

(i) The bias of HG-vM kernel estimator is given by:
1

Bias (va’H(;(H)> "

(ii) The variance of HG-vM kernel estimator is given by:

F(8;90)r"(8) + o(v™1), (8)

5 1/2 1/2
Var <va,HG(9)> = 22\/7?]0(9) +0 <Vn> : 9)
Proof. A Taylor expansion gives
0;9 - -~
T = ewliosf(0:9) ~1os (07}

fo(0) n fo(0)
fo(©i) — fo(©)
fo(0)

~ fo(®y) 1= {uo(0:) —uo(0)} (5_ 190)} ’

{uo(0) — u(©:)}7 (5 - 190)
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where ug(6) = 0log f(0;90)/09. The semiparametric estimator (7) can be approximated as follows:

n

CHG- 1 1 Jfo(0) 5
HG-VM gy _ * _ o, _ A T(9—
JIGVM () = Z; T O cos( = @)} s (1= {uo(©:) = uo(®)} (9= 90)] . (10)
Using the representation (10), the properties of the von Mises random variable and the Taylor development
when v — oo (see (Mardia and Jupp, 2009)) and the same computational steps of (Hjort and Glad, 1995), we
obtain the results given in the theorem 4.1. O

Note that the asymptotic variance of the HG-VM estimator is similar to that of the classical von
Mises estimator.

Corollary 1. The criterion to use for the global property is the mean integrated squared error (MISE) defined
as:

27
MISE (va’Hg(9)> == /E (va,HG(e) - f(e))2d0

027r

= / MSE fynr,nc(0)do
027r 2w

— [ bias® (Funnc®) do + [ Var (Forua(®) a0
0 0

o 2 s 1/2 L, 2

By minimizing (11) in the bandwidth v, we obtain the optimal value:

NN/ 2w 2/5
viwna={"%" [ (o0} 1)

The optimal MISEy, e of HG estimator is obtained by remplacing the vy o given by (12) in
MISE <.]EUM7H(;(9)> given in (11)

MISE* (va’HG(9)> = 2\1/7? <\/; /Ozﬂ{fo(e)r”(g)de) .

2 -1
<1+ i{ i {fo(H)r”(G)}2d9} >n4/5.

5 The JSH estimator

Based on the same idea of (Jones et al., 1999) and (Hirukawa and Sakudo, 2019), JSH-von Mises kernel
density estimator will be defined as follows:

1 I = exp{v cos( — @i)}} ’ (13)

va,JSH(Q) = va,HG(Q) {nz 2rlo(v)

=1 fort. G (0;)


http://www.ine.es/ss/Satellite?c=Page&cid=1254735226759&pagename=ProductosYServicios%2FPYSLayout&L=0

KERNEL CIRCULAR DENSITY ESTIMATOR 97

~ n ﬁex {vcos(60—0;)}
where fynrna(9) = f(0) {TIL Zl ) ?(@i) }’

i=
f(0) is the parametric model, which can takes different distributions. In the case where this model
takes the form of a uniform distribution, the JSH estimator is reduced into an MBC JLN estimator,
which explains why the JLN estimator is a special case of the general estimator JSH.

In this work, the parametric model exploited is the von-Mises law of parameters y and k, expressed
as:

f(O; p, k) exp (kcos(6 — u)), 0<6<2m,

1
-~ 2mly(k)

and i and k are the estimated parameters of the x and k respectively by the maximum likelihood
(ML) method.

5.1 Asymptotic properties

The asymptotic properties of the JSH-vM kernel estimator requires certain conditions and assump-
tions.

Set o and ko the values which minimizes the Kullback-Leibler distance of f(6; i, k) from the true
f(0). We also denote ro(.) = f(.)/f(.; po, ko)

A3. {©;}? ; areii.d random variables drown from a univariate distribution having a density f with
support [0, 2m).

A4. For a given design point § € [0,27), f(0), f(0; 10, ko) > 0, and ro(#) has four continuous and
bounded derivatives in the neighborhood of 6.

Note that these assumptions have been discussed in (Hirukawa and Sakudo, 2019).

Theorem 5.1. Under the Assumptions 1-4, the bias and variance of [SH-vM kernel estimator defined by (5.1),
for a given 6 € [0, 2), are given by:

(i) The bias of JSH-vM kernel estimator is given by:

) ~ 1 1
Bias (fussu(0)) = —£(0) 4(0,70) —5 +o0 (:ﬂ) , (14)
" 12
where q(0,7¢) = ( Zﬁo((?)) .
(ii) The variance of JSH-vM kernel estimator is given by:
- /2 y1/2
Var (va,JSH(Q)) = 2nﬁf(9) +o <n> : (15)

Proof. It is easy to show that when v —s oo and v/ /n — 0 when n — oo,

n L exp{rcos(d —O;
o lz 2wTo() P A( )}
n 9(04;9)

=1

~r(6) + 11" (6), (16)

SJS, Vol. 7 No. 1 (2025), pp. 91-108
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and
v 1 Z 27rIo(V) exp{v cos(f — ©;)} N V2 (0) |
n 9(0;:9) 2ny/m go(6)

=1

(17)

where ~ means asymptotically equal.
Combining the proof of Theorem 2 proposed by (Bedouhene and Zougab, 2019) and the approximations (16)
and (17), we establish the results of Theorem 5.1. O

Corollary 2. The criterion to use for the global property is the mean integrated squared error (MISE), defined
as:

2 2

MISE (va,JSH(Q)) = /bia82 (va,JSH(9)> df + /Var (va,JSH(‘g)) do

0 0

1 y1/2 y1/2
— ﬂE [£(©) ¢*(©,10)] + +o <y4 + n) . (18)

2n\/T

The optimal bandwidth minimizing the corresponding MISE (18) is such that

visn = {16 n VTE [£(0) ¢*(©,70)] }*"*. (19)

Therefore, the optimal MISE becomes

MISE" (furrssu(0)) = 20, r0)]}*n 8. (20)

E|f
(16 \/> 8 /9 { |:
In practice, the bandwidth parameter v, cannot be employed because it’s depend on the un-
known density f and its derivatives. For this, we present in the next section the unbiased cross
validation UCV method for selecting the smoothing parameter.

6 Bandwidth choice by UCV method

We adopt in this section the popular unbiased cross validation (UCV) method introduced by
(Rudemo, 1982) and (Bowman, 1984), and recently applied by several authors (See (Zougab and Ad-
jabi, 2016; Harfouche et al., 2018, 2020) and (Bedouhene and Zougab, 2019) for the MBC technique,
(Hagmann and Scaillet, 2007) for the semiparametric MBC technique). The optimal bandwidth v by
UCV method for a given estimator fo M,JsH is obtained by:

vycy = argmin UCV (v),

where
k(0 — ©,)
ucv(v) =
) /fUMHG (z : vaHG(@)>
~ T ST k(0 -65) Jorenc(9:) (1)

i i vaHG(@])
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7 Simulation study

This part is devoted to a simulation study, which consists to evaluate the performance of the f,,
fv M—JLN, fv M—Hc and fv M—gsH estimators. This simulation study is based on 100 replications for
samples sizes n = 10, 50, 100 and 200 for 20 circular models (distributions), that were used by
(Oliveira et al., 2012), (Garcia-Portugués, 2013) and recently (Bedouhene and Zougab, 2019, 2020).
The models are classified into four sets, each with its complexity:

1. Simple models: circular uniform (M1); von Mises (M2); wrapped Normal (M3); cardioid (M4);
wrapped Cauchy (M5) and wrapped skew-Normal (M6).

2. Two components models: von Mises mixtures (M7, M8 and M9); mixture of von Mises and
wrapped Cauchy (M10).

3. Models with more than two components: von Mises mixtures with three components (M11,
M12 and M13); von Mises mixture with four components (M14); mixture of wrapped Cauchy,
wrapped Normal, von Mises and wrapped skew-Normal (M15); von Mises mixture with five
components (M16).

4. Other complex models: mixture of cardioid and wrapped Cauchy (M17); mixture of von Mises
(M18 and M19); mixture of two wrapped skew-Normal and two wrapped Cauchy (M20).

For the comparison, we used the classical, JLN, HG and JSH vM kernel estimators and the UCV
method for bandwidth parameter selection. Note that, The parametric part f(6; i, k) of the f HG, oM
estimator is considered as vM distribution of i and k& parameters vM (u, k). The parameters p and
k were estimated by maximum likelihood (ML). We examine the performances of the estimators via
integrated squared error (I SE) and integrated squared bias (1.5 B) given respectively by:

ISE = / (f(e)— f(9))2d0 (22)
and .
ISB :_/<E(f(9))—f(9))2d0 (23)

0

Tables 1, 2, 3 and 4 show the average I.SE of the vM kernel estimators. We can observe that,

The means of ISE decrease as sample size n increases for the all estimators, which indicates that
our estimators are consistent.

The vM-JLN estimator performs better than the other competitors for models M5, M6, M7, M10,
M11, M12, M13, M14, M16, M17, M18 and M20 and for a samples size n = 100 and n = 200
except model M10 for n = 100.

The vM-JLN estimator performs better than the other estimators for models M6, M7, M8, M11,
M13, M14, M16 and M17 and for a sample size n = 50.

For a sample size n = 10 the standard vM kernel estimator is more efficient for the models M1, M4,
M10, M11, M12, M16, M18, M19 and M20.

For the rest of models M2, M3, M9 and M15 the perfomance of estimators are mixed depending on
the sample size.

Tables 5 and 6 show the average 1.5 B of the vM kernel estimators. We can observe that:

SJS, Vol. 7 No. 1 (2025), pp. 91-108
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Table 1: Average integrated squared error (/.SE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 10

ZIANE ET AL

n=10 fon (Sdynr) Jor—grn (Sdunvr—gin)  fom—nG (Sdovi—mG)  fom—gsu (Sdunvi—gsm)
M1 0.028504 (0.040126)  0.044624 (0.048535) 0.085598 (0.042796) 0.065051 (0.046547)
M2 0.044730 (0.027727)  0.054532 (0.038296) 0.041635 (0.032852) 0.056422 (0.043456)
M3 0.080912 (0.063078)  0.077513 (0.045428) 0.066713 (0.048654) 0.061435 (0.029901)
M4 0.031643 (0.018711)  0.035378 (0.020203) 0.032978 (0.030695) 0.036326 (0.021759)
M5 0.175951 (0.039888)  0.148754 (0.050878) 0.165277 (0.046911) 0.136418 (0.050530)
Me6 0.081913 (0.030951) 0.076863 (0.024004) 0.071529 (0.019551) 0.075294 (0.019237)
M7 0.056374 (0.024210) 0.054870 (0.019606) 0.067062 (0.040294) 0.057183 (0.026707)
M8 0.073435 (0.034446) 0.065588 (0.031154) 0.068817 (0.030425) 0.062101 (0.033644)
M9 0.038088 (0.022375)  0.037386 (0.022005) 0.058252 (0.029270) 0.043407 (0.026101)
M10 0.101301 (0.050482) 0.107924 (0.057971) 0.104519 (0.058812) 0.109033 (0.062352)
Mi11 0.051501 (0.012703)  0.057676 (0.014236) 0.069096 (0.033663) 0.067695 (0.032629)
M12 0.066814 (0.038738) 0.074644 (0.042631) 0.101371 (0.039642) 0.104655 (0.040974)
M13 0.097510 (0.034632)  0.096302 (0.034424) 0.126583 (0.067811) 0.095344 (0.046333)
M14 0.093109 (0.021393) 0.081828 (0.030255) 0.116401 (0.029262) 0.091273 (0.034697)
M15 0.018991 (0.018817) 0.025672 (0.026108) 0.071526(0.068303) 0.066495 (0.051130)
Mi1e6 0.085333 (0.014261)  0.090423 (0.014995) 0.134788 (0.055393) 0.108673 (0.028095)
M17 0.135170 (0.053391)  0.119433 (0.044483) 0.111107 (0.019398) 0.121193 (0.047785)
M18 0.074270 (0.037493)  0.076313 (0.037901) 0.102535 (0.105780) 0.092129 (0.076978)
M19 0.080081 (0.027177)  0.085918 (0.036308) 0.090258 (0.024831) 0.094315 (0.035757)
M20 0.121919 (0.029699)  0.127653 (0.039151) 0.150788 (0.047860) 0.143430 (0.040143)

e For all estimators, the means of ISB based on 100 simulations decrease as sample size n increases.

e For all samples size the vM-JLN and vM-JSH kernel estimators outperform the classical vM and
vM-HG kernel estimators except models (M1, M2, M4, M10 and M12 for n = 10), (M1, M2, M4
and M15 for n = 50) and (M1 and M2 for n = 100 et 200).

e The performance of vM-JLN and vM-JSH kernel estimators are mixed depending on the models,
this is explained by the fact that the vM-JLN estimator is a special case of vM-JSH kernel esti-
mators

The figure 1 presents the plot of pdf M3, M8, M11 and M17 models for each distribution family
using vM, JLN-vM, HG-vM and JSH-vM estimators with UCV approach for bandwidth choice based
on sample size n = 200 for one application. The plots show that in general the smoothing quality is
satisfactory for all models. The estimators were able to reproduce the uni and several modes of the
considered models, except for the model 17.

8 Illustration with real data

In this section, we illustrate the application of fv M, fv M—JLN, ﬁ, M—pa and fv M—JSsH estimators in
practice, we have analysed two real data sets.

Exemple 1. (Time series of flare azimuths): this data present a time series of measurements obtained
from an experiment, to assess the relative stability of flare-projectile assemblies. A flare, at-
tached to a projectile, is launched upward from a launch point O in a fixed direction. At some
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Figure 1: True pdf and vM kernel estimators for models 3, 8, 11 and 17 with n = 200. Black solid line:
true density; Black dashed line: vM estimator; Black Dotted line: vM-JLN estimator; Grey solide line:
vM-HG estimator and Grey dashed line: vM-JSH estimator.
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Table 2: Average integrated squared error (/.SFE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 50

ZIANE ET AL

n=>50 fon (Sdynr) Jor—grn (Sdunvr—gin)  fom—nG (Sdovi—mG)  fom—gsu (Sdunvi—gsm)
M1 0.001866 (0.003489) 0.006231 (0.005917) 0.013917 (0.005010) 0.011227 (0.005081)
M2 0.010313 (0.008561)  0.011044 (0.009943) 0.008018 (0.006045) 0.011511 (0.009034)
M3 0.041835 (0.014696) 0.017860 (0.008250) 0.028309 (0.011004)  0.014193 (0.007108)
M4 0.008945 (0.008045) 0.014548 (0.011967) 0.014283 (0.015017) 0.018999 (0.013630)
M5 0.154229 (0.019441)  0.109994 (0.028114) 0.139815 (0.017119) 0.103537 (0.029125)
Me6 0.058575 (0.009952)  0.047698 (0.011597) 0.048187 (0.006382) 0.051759 (0.016907)
M7 0.019584 (0.007133)  0.014356 (0.006791) 0.022576 (0.005455) 0.014708 (0.007069)
M8 0.026306 (0.012476) 0.018937 (0.014137) 0.034317 (0.021504)  0.020011 (0.017085)
M9 0.009666 (0.006145)  0.009945 (0.004733) 0.013562 (0.007814) 0.009470 (0.004791)
M10 0.052599 (0.011198)  0.042107 (0.013285) 0.044380 (0.010356) 0.042057 (0.014870)
Mi11 0.031501 (0.009060) 0.024606 (0.010623) 0.036343 (0.011329) 0.025054 (0.010273)
M12 0.017454 (0.011790)  0.015778 (0.007861) 0.020647 (0.010969) 0.014755 (0.005718)
M13 0.042008 (0.006729) 0.031182 (0.006917) 0.048533 (0.008577) 0.032526 (0.007163)
M14 0.053977 (0.007150)  0.040523 (0.007811) 0.064132 (0.015627) 0.043959 (0.010567)
M15 0.009173 (0.004106) 0.012301 (0.006091) 0.019124 (0.006767) 0.017794 (0.008228)
Mi1e6 0.074266 (0.007694)  0.062254 (0.009584) 0.074199 (0.008923) 0.063870 (0.010247)
M17 0.081349 (0.008914) 0.071710 (0.011465) 0.078328 (0.011586) 0.071803 (0.013159)
M18 0.040710 (0.005906)  0.042476 (0.006280) 0.040324 (0.005152) 0.043975 (0.007533)
M19 0.035764 (0.006904) 0.035098 (0.008540) 0.041890 (0.014962) 0.035811 (0.009832)
M20 0.080598 (0.005963)  0.072905 (0.007403) 0.086780 (0.005067) 0.075472 (0.007073)

point P in space, the flare commences burning. The azimuth of P relative to O gives an indica-
tion of the variability of the assembly as more and more trials are conducted with it. The data
shown are based on 60 successive launches, (see, (Fisher, 1995)).

Exemple 2. (Long-axis orientations of feldspar laths): a data of 133 measurements of feldspar laths
in basalt reported by (Smith, 1988) and presented by (Fisher, 1995).

For analyzing these data sets, we applied four estimators f}, M, fv M—JLN, f}, M—HG and fv M—JSH
to estimate the probability density function with vM circular kernel. The UCV technique is employed
for bandwidth choice. For the vM — HG kernel estimator, the parameters . and k of parametric model
are estimated by ML method. The values of ji and k are given in table 7.

The figures 2 and 3 show the linear and circular estimators ( f‘v M fv M—JLN, fv M—HG and
fori—ysm) for Time series of flare azimuths data with sample size n = 60 and Long-axis orientations
of feldspar laths data with sample size n = 133, where the solide and dashed lines in black represent
the f’v » and fv M—JLN estimators, the solide and dashed lines in grey represent fv M—Hc and
fv M—JsH estimators respectively.

From the figures 2 and 3, we can see that all estimators are capable of reproducing the unimodality
of these data sets. We also note that the smoothing quality is satisfactory and almost similar for the
four estimators except in certain regions.
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Time series of flare azimuths data

Time series of flare azimuths data
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(a) Linear plot for Time series of flare azimuths (b) Circular plot for Time series of flare az-
data. imuths data.

Figure 2: vM kernel estimator for Time series of flare azimuths data with sample size n = 60. Black
solid line: vM estimator; Black dashed line: JLN-vM estimators; Grey solid line: HG-vM; Grey
dashed line: JSH-vM.
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Figure 3: vM kernel estimator for Long-axis orientations of feldspar laths data with sample size

n = 133. Black solid line: vM estimator; Black dashed line: JLN-vM estimators; Grey solid line: HG-
vM; Grey dashed line: JSH-vM.
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Table 3: Average integrated squared error (/.SFE) and their standard deviation between parentheses

based on 100 replications for 20 models with sample size n = 100

ZIANE ET AL

n =100 fon (Sdynr)

Jori—gonN (Sduni—jLN)

Jori—mc (Sdyv—ma)

Jorvi—gsu (Sdupi—ysm)

M1 0.001457 (0.002025)  0.003106 (0.003671) 0.007134 (0.002430) 0.008218 (0.002656)
M2 0.007618 (0.007692)  0.006788 (0.005903) 0.005093 (0.005007) 0.006385 (0.005543)
M3 0.037664 (0.003969)  0.013694 (0.002814) 0.026014(0.004538) 0.010504 (0.003361)
M4 0.006219 (0.004247)  0.006670 (0.005332) 0.006363 (0.003905) 0.008482 (0.005162)
M5 0.154077 (0.017058)  0.106388 (0.017568) 0.138480 (0.016540) 0.119237 (0.041765)
Mo 0.057178 (0.010608)  0.047702 (0.016986) 0.047161 (0.007705) 0.052374 (0.019852)
M7 0.017531 (0.008879)  0.010608 (0.006796) 0.021808 (0.011133) 0.011076 (0.007525)
M8 0.021781 (0.005358)  0.011615 (0.005049) 0.027436 (0.010461) 0.011731 (0.005784)
M9 0.006189 (0.003258)  0.005196 (0.002406) 0.007646 (0.004701) 0.004875 (0.003331)
M10 0.042288 (0.008199)  0.033879 (0.005501) 0.036614 (0.006635) 0.033876 (0.005801)
Mi1 0.023124 (0.002969)  0.012971 (0.002866) 0.028574 (0.003982) 0.013945 (0.003178)
M12 0.010648 (0.005060)  0.009277 (0.004555) 0.013961 (0.004866) 0.009663 (0.004217)
M13 0.040233 (0.005926)  0.024880 (0.005162) 0.047879 (0.008810) 0.026472 (0.005187)
M14 0.048432 (0.006302)  0.033535 (0.007966) 0.055748 (0.005895) 0.035982 (0.007658)
M15 0.007635 (0.003075)  0.008174 (0.003857) 0.008748 (0.003335) 0.008276 (0.004931)
Mile6 0.064286 (0.003487)  0.053544 (0.004683) 0.068856 (0.003156) 0.054935 (0.003064)
M17 0.079762 (0.006565)  0.066913 (0.007029) 0.076166 (0.008493) 0.067919 (0.009618)
M18 0.035264 (0.005775)  0.034528 (0.005536) 0.036797 (0.005094) 0.036755 (0.005704)
M19 0.029451 (0.005088)  0.026673 (0.004411) 0.030842 (0.007298) 0.026669 (0.004697)
M20 0.072511 (0.004133)  0.062957 (0.004733) 0.075288 (0.003609) 0.063519 (0.003887)

9 Conclusion

In this work, we extended the application of the semiparametric estimators HG and JSH, for the
estimation of the probability density of circular data with von Mises kernel. We have shown that the
JSH estimator improves the order of magnitude of the bias, whatever the parametric model chosen.
We also evaluated the performance of the proposed estimator (JSH) by a comparative study with the
classical estimator f v, the estimator JLN f;rn and the semiparametric estimator frg. Our study
showed that the proposed JSH estimator and the JLN estimator are more efficient than the other
two estimators in terms of ISE and ISB. The two estimators JLN and JSH are almost similar, this is
explained by the fact that the estimator JLN is a special case of J[SH.
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Table 5: Average integrated squared bias (/.5 B) based on 100 replications for 20 models with samples
size n = 10 and n = 50.

n =10 n =50
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Table 6: Average integrated squared bias (/5 B) based on 100 replications for 20 models with samples
size n = 100 and n = 200.

n = 100 n = 200
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