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Abstract 

We consider the mean-of-the-ratios estimate and propose two sampling schemes 
for which a modification of such statistic results unbiased for estimating the finite 
population mean. This study completes the ones by Hartley and Ross (1954) and 
by Ruiz Espejo and Santos Peñas (1989) which provided unbiased mean-of-the-
ratios estimates for simple random sampling without replacement design. 

Keywords: mean-of-the-ratios estimate, population mean, unbiased estimation, 
sampling schemes. 

AMS classification: 62D05. 

Esquemas muestrales que proporcionan estimaciones media-de-
razones insesgadas: una revisión 

Resumen 

Consideramos la estimación media-de-razones y proponemos dos esquemas 
muestrales para los cuales una modificación de tal estadístico resulta insesgado 
para estimar la media de una población finita. Este estudio completa los de Hartley 
y Ross (1954) y de Ruiz Espejo y Santos Peñas (1989) que proporcionaban 
estimaciones media-de-razones insesgadas para diseño de muestreo aleatorio 
simple sin reemplazamiento. 

Palabras clave: estimación media-de-razones, media poblacional, estimación 
insesgada, esquemas de muestreo. 

Clasificación AMS: 62D05. 
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1. Introduction 

The mean-of-the-ratios estimator is the sample statistic 

࢙ݎ̅ ൌ
1
݊
෍

௜ݕ
࢙∋௜௜ݔ

, 

where ࢙ is an ordered sample of size ݊ selected from an identified finite population ܷ of 
size ܰ. Here the two variables ݕ (interest one) and ݔ (auxiliary one) are defined for each 
unit ݅ of the population and are denoted for such unit ݕ௜ and ݔ௜. We assume positive all 
the values of the auxiliary variable ݔ. The value ݎ௜ ൌ ௜ݕ ⁄௜ݔ  is the variable ratio for the 
݅th unit of the finite population. We will study three sampling schemes for which this 
statistic ࢙̅ݎ or a direct transformation of it provide unbiased estimates for the finite 
population mean ݕത of the interest variable ݕ. 

2. Srswor design 

If we like to estimate the population mean of the interest variable 

തݕ ൌ
1
ܰ
෍ݕ௜

ே

௜ୀଵ

 

using the mean-of-the-ratios statistic, Hartley and Ross (1954) provided an unbiased 
estimate of ݕത, namely 

ுோݐ ൌ ݔ࢙̅ݎ̅ ൅
݊ሺܰ െ 1ሻ
ሺ݊ െ 1ሻܰ

ሺݕത࢙ െ  ,ሻ࢙ݔ࢙̅ݎ̅

where ݕത࢙ and ࢙̅ݔ are the sample means for the respective variables, and the sample ࢙ is 
drawn using “simple random sampling without replacement” (srswor) design. Ruiz 
Espejo and Santos Peñas (1989) provided another unbiased estimator of the population 
mean ݕത using the mean-of-the-ratios statistic for the same sampling design, 

ோௌݐ ൌ
݊ሺܰ െ 1ሻ

ܰ െ ݊
࢙ݔ࢙̅ݎ̅ െ

ሺ݊ െ 1ሻܰ
ܰ െ ݊

 ݔ࢙̅ݎ̅

among many others based on the Ruiz Espejo statistic 

ݖ ൌ ሺܰ െ ݊ሻݕത࢙ ൅ ሺ݊ െ 1ሻܰ̅ݔ࢙̅ݎ െ ݊ሺܰ െ 1ሻ࢙̅ݔ࢙̅ݎ 

which has expectation zero for srswor design. 

In the following of this article, we propose other two ordered sampling schemes 
providing unbiased mean-of-the-ratios estimates. The first one was proposed by Hansen 
and Hurwitz (1943) namely “probability proportional to size with replacement” (ppswr) 
sampling design, and the other one was suggested by Sánchez-Crespo (1980) namely 
“probability gradually variable without replacement” (pgvwor) sampling design. 
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3. Hansen-Hurwitz ppswr sampling scheme 

The sampling scheme proposed by these authors is the traditional ordered ppswr 
sampling design which consists in selecting a unit ݅ of the finite population in each draw 
of the ݊ ordered extractions that contains the vector sample ࢙ with probability 
proportional to the size ݔ௜ ൐ 0 and with replacement. Thus, in each ݆th extraction the 
mathematical expectation of ݎ௜ೕ is 

ܧ ቀݎ௜ೕቁ ൌ෍ݎ௜
௜ݔ
ݔ̅ܰ

ே

௜ୀଵ

ൌ
തݕ
ݔ̅
. 

The mean-of-the-ratios estimator of the population mean ݕത is 

ெோݐ ൌ
ݔ̅
݊
෍

௜ݕ
࢙∋௜௜ݔ

ൌ
ݔ̅
݊
෍

௜ೕݕ
௜ೕݔ

௡

௝ୀଵ

ൌ
ݔ̅
݊
෍

௜ݕ
௜ݔ
݁௜

௜∈௎

 

where ݁௜ is the ݅th component of the vector ሺ݁ଵ, ݁ଶ, … , ݁ேሻ which follows a multinomial 
distribution of parameters ݊ and ݌௜ ൌ ௜ݔ ⁄ݔ̅ܰ  (݅ ൌ 1, 2, … , ܰ). With this threefold 
expression we can give other respective proofs of the unbiasedness of the estimator ݐெோ. 
One of them is the following for clarity, 

ெோሻݐሺܧ ൌ
ݔ̅
݊
෍

௜ݕ
௜ݔ
ሺ݁௜ሻܧ

௜∈௎

ൌ
1
ܰ
෍ݕ௜
௜∈௎

ൌ  ,തݕ

because ܧሺ݁௜ሻ ൌ ௜ݔ݊ ⁄ݔ̅ܰ . 

The variance of this estimator ݐெோ for ppswr sampling design uses the value of the 
variance ܸሺ݁௜ሻ ൌ ݔ௜ሺܰ̅ݔ݊ െ ௜ሻݔ ܰଶ̅ݔଶ⁄  and the covariance for ݅ ് ݆, 

,൫݁௜ݒ݋ܥ ௝݁൯ ൌ െ݊
௝ݔ௜ݔ
ܰଶ̅ݔଶ

. 

The variance of ݐெோ for the Hansen-Hurwitz sampling scheme is 

ுܸுሺݐெோሻ ൌ
ଶݔ̅

݊ଶ
቎෍

௜ݕ
ଶ

௜ݔ
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ൌ
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ଶ଴ܣ
ܰ
൰ 

ൌ
1
݊
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where 

௞௝ܣ ൌ
1
ܰ
෍ݕ௜

௞ݔ௜
௝

௜∈௎

 

is the population noncentral moment of orders ݇ and ݆. 

An unbiased variance estimator of ݐெோ is obtained from the relation 

෠ܸ ሺݐெோሻ ൌ
1
݊
ቀܣଶିଵ෣ܣ଴ଵ െ ଵ଴ܣ

ଶ෢ ቁ ൌ
1
݊
଴ଵܣଶିଵ෣ܣൣ െ ெோݐ

ଶ ൅ ෠ܸሺݐெோሻ൧, 

or also, 

෠ܸ ሺݐெோሻ ൌ
1

݊ െ 1
൭
ଶݔ̅

݊
෍

௜ݕ
ଶ

௜ݔ
ଶ ݁௜

௜∈௎

െ ெோݐ
ଶ ൱. 

In this relation we have considered as unbiased estimator of ܣଶିଵ to 

ଶିଵ෣ܣ ൌ
ݔ̅
݊
෍

௜ݕ
ଶ

௜ݔ
ଶ ݁௜

௜∈௎

. 

And obviously, an unbiased estimator of ݕതଶ is 

തଶ෢ݕ ൌ ெோݐ
ଶ െ ෠ܸሺݐெோሻ. 

This reasoning can be obtained directly from the results given by Hansen and Hurwitz 
(1943) in their article. This is possible substituting ݔ௜ by ܰ̅݌ݔ௜ and simplifying. Other 
unbiased estimation for the variance of ݐெோ is 

෠ܸ ሺݐெோሻ ൌ
∑ ቀ̅ݔ

௜ݕ
௜ݔ
െ ெோቁݐ

ଶ
݁௜௜∈௎

݊ሺ݊ െ 1ሻ
. 

 

4. Sánchez-Crespo pgvwor sampling scheme 

The Sánchez-Crespo (1980) sampling scheme consists in the selection of ݊ extractions 
without replacement of an urn which contains ܯ numbered balls where there are ܯ௜ ൒
1 balls with the identification number ݅ (݅ ൌ 1, 2, … , ܰ), and 
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ܯ ൌ෍ܯ௜

ே

௜ୀଵ

. 

Then, if we select ݊ balls with equal probabilities without replacement of such urn, and 
݁௜ is the number of drawn balls in the sample of size ݊, the random vector 
ሺ݁ଵ, ݁ଶ, … , ݁ேሻ follows a generalized hypergeometric distribution of parameters ݊, ܰ, 
and ܯଵ, ܯଶ, …, ܯே. Here, ܯ௜ is the minimum natural value proportional to ݔ௜ ൐ 0, for 
all ݅ ൌ 1, 2, … , ܰ. For this reason, 1 is the highest common factor of ሼܯ௜: ݅ ൌ 1, 2, … ,ܰሽ 
and ܯ௜ ∝ ݅) ௜ݔ ൌ 1, 2, … , ܰ). 

In these conditions, we can calculate the expectation, variance and covariances of the 
random numbers ݁௜ as it follows. For all ݅ ൌ 1, 2, … , ܰ we have 

ሺ݁௜ሻܧ ൌ
௜ݔ݊
ݔ̅ܰ

, 

ܸሺ݁௜ሻ ൌ
ܯ െ ݊
ܯ െ 1

ݔ௜ሺܰ̅ݔ݊ െ ௜ሻݔ

ܰଶ̅ݔଶ
. 

And for all ݅ ് ݆, 

,൫݁௜ݒ݋ܥ ௝݁൯ ൌ െ
ܯ െ ݊
ܯ െ 1

௝ݔ௜ݔ݊
ܰଶ̅ݔଶ

. 

With a similar reasoning to the Hansen-Hurwitz scheme, in this case we can obtain the 
unbiasedness of the new estimator mean-of-the-ratios for estimating the finite 
population mean ݕത, 

ெோݐ ൌ
ݔ̅
݊
෍

௜ݕ
௜ݔ
݁௜

௜∈௎

, 

where now the ݁௜ follows the explained generalized hypergeometric distribution in the 
Sánchez-Crespo sampling scheme, a difference with respect to the ݁௜ of the mean-of-
the-ratios estimator with the Hansen-Hurwitz sampling scheme which was multinomial 
distribution. 

With other similar reasoning, the variance of this estimator ݐெோ with the Sánchez-
Crespo sampling scheme is 

ௌܸ஼ሺݐெோሻ ൌ
ܯ െ ݊
ܯ െ 1 ுܸுሺݐெோሻ ൌ

ܯ െ ݊
ܯ െ 1

1
݊
ሺܣଶିଵܣ଴ଵ െ ଵ଴ܣ

ଶ ሻ ൑ ுܸுሺݐெோሻ. 

Other two expressions of an unbiased estimator of the variance of ݐெோ for Sánchez-
Crespo sampling design are (according to Ruiz Espejo, 1995, 2013) 
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and 
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ܯ െ ݊
ܯ

1
݊ሺ݊ െ 1ሻ
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ଶ
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௜∈௎

 

where now the random values ݁௜ correspond to the Sánchez-Crespo pgvwor sampling 
scheme. 

5. Conclusions 

The mean-of-the-ratios estimate is an interesting statistic when we dispose of an 
auxiliary variable approximately proportional to the variable of interest in each finite 
population unit. Some examples of this are (ݕ ൌ “land yield”, ݔ ൌ “cultivated surface”) 
and (ݕ ൌ “family consumption”, ݔ ൌ “family income”). 

In such conditions, we have proposed three sampling schemes for which there are 
unbiased mean-of-the-ratios estimates for estimating the finite population mean of the 
variable of interest. These are the traditional srswor design studied by Hartley and Ross 
(1954) and by Ruiz Espejo and Santos Peñas (1989), the ppswr sampling design 
proposed by Hansen and Hurwitz (1943), and the pgvwor sampling design proposed by 
Sánchez-Crespo (1980). The admissibility of the Hartley-Ross estimator was studied by 
Sengupta (1983), and the Sánchez-Crespo sampling scheme is more precise than the 
Hansen-Hurwitz sampling scheme when both ones are realizable. For these last two 
sampling schemes we have provided unbiased variance estimators based on the 
corresponding sampling scheme, the auxiliary variable and the data of the interest 
variable obtained in the sample according to the considered sampling scheme. 

As a consequence, we have reviewed the three most important sampling strategies for 
estimating without bias the finite population mean ݕത using an auxiliary variable ݔ when 
there is an approximate proportionality between the interest variable and the auxiliary 
variable for the units of the finite population. 
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