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Abstract

We consider the problem of unbiased estimation of a finite population total related
to a sensitive quantitative variable under two scrambled randomized response plans
and compare the relative efficiency of the unequal probability sampling strategies
due to Horvitz—Thompson (1952) and Murthy (1957) under a super-population
model depending on a parameter g. It is shown that for the linear plan the model
expected variance is smaller for Murthy’s (1957) strategy if g < 1, while for the
multiplicative plan the model expected variance is smaller for the Horvitz-
Thompson (1952) strategy if g > 2. We also address the problem of unbiased
estimation of the variances of these two sampling strategies under the two
randomized response plans and study the non-negative property of the variance
estimators.
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En lacomparacién de Horvitz-Thompson y Estrategias de muestreo de
Murthy para la estimacion Totales de poblacién finita sensible debajo
Planes de respuesta aleatorizados codificados

Resumen

Consideramos que el problema de la estimacién no sesgada de un total finito de
poblacion estd relacionado a una variable cuantitativa sensible bajo dos planes
aleatorizados de respuesta aleatoria y comparar la eficiencia relativa de las
estrategias desiguales de muestreo probabilistico debido a Horvitz-Thompson
(1952) y Murthy (1957) bajo una superpoblaciéon modelo dependiendo de un
parametro g. Se muestra que para el plan lineal, el modelo la varianza esperada es
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menor para la estrategia de Murthy (1957) si g < 1, mientras que para el plan
multiplicativo, la varianza esperada del modelo es menor para los Horvitz-
Estrategia de Thompson (1952) si g > 2. También abordamos el problema de la
estimacion de las varianzas de estas dos estrategias de muestreo bajo los dos planes
de respuesta aleatoria y estudiar la propiedad no negativa de la varianza
estimadores.

Palabras clave: Varianza esperada del modelo, Total de la poblacion, Respuesta
aleatorizada, Estrategia de muestreo, Modelo de superpoblacion, Muestreo de
probabilidad desigual, Estimacion de varianza.
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1. Introduction

Consider a finite population of labeled units and suppose that the problem is to estimate
certain population parameters on surveying a random sample of units. In an open set-up
it is assumed that an exact response can be obtained from each sampled unit through a
direct survey. However, if the character of interest is sensitive or stigmatizing such as
drinking alcohol or gambling habit, drug addiction, tax evasion, history of induced
abortions etc., a direct survey is likely to yield unreliable responses and an alternative
technique, introduced by Warner (1965), is to obtain responses through a randomized
response (RR) survey wherein every sampled unit is asked to give a response through an
RR device as per instructions from the investigator. We refer to Chaudhuri and Mukerjee
(1988), Chaudhuri (2011) and Chaudhuri and Christofides (2013) for a comprehensive
review of such RR procedures.

In comparing the relative efficiency of unbiased sampling strategies for estimating a finite
population parameter it is customary to compare their model expected variances under some
super-population models. Rao (1966), Hanurav (1967), Rao (1967), Chaudhuri and Arnab
(1979) and Sengupta (2016) had compared some unequal probability sampling strategies
for estimating the population total of a quantitative variable in direct surveys under a certain
super-population model depending on a parameter g. In this paper we make a similar
comparison of the unequal probability sampling strategies due to Horvitz-Thompson (1952)
and Murthy (1957) in terms of their model expected variances under such a super-
population model when the character is a sensitive one and these strategies are based on
data obtained through an RR survey employing either of the two scrambled RR plans
mentioned in Warner (1971) and extensively studied in Pollock and Bek (1976) and
Eichhorn and Hayre (1983). It is shown that for the linear plan the model expected variance
is smaller for Murthy’s (1957) strategy if g < 1, while for the multiplicative plan the model
expected variance is smaller for the Horvitz-Thompson (1952) strategy if g > 2.

We also address the problem of unbiased estimation of the variances of these two
sampling strategies under the two randomized response plans and following Arnab (1994)
study the non-negative property of the variance estimators which are useful for
determination of confidence intervals of the population total.
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2. Notations and Preliminaries

Let U= {1, 2,.. , N} be a finite population of N labeled units and Y be a quantitative
variable with unknown value y; for the population unit i, 1 <i <N. The problem of interest
N

is to estimate unbiasedly the unknown population total 6= Z »; on surveying a sample
i=1

of units s selected from a set of samples S with a given probability p(s) (> 0) i.e. according

to a given sampling design p. A sampling design p together with an unbiased estimator e

of 0 is called an unbiased sampling strategy for estimating 0 and is denoted by H = (p, e).

We consider the following two unbiased strategies in an open set-up due to Horvitz-
Thompson (1952) and Murthy (1957) based on known normed size measure w; for unit ,

N
1<i<N,wi>0Vi, ) w;=1.
i=1

H=(p,e): n units are selected without replacement (WOR) from U such that the inclusion

probability m; of unit i in a sample, defined as z p(s) ,isnw;and e= lzﬁ .

» ntw,
SIESs ies 1

H'=(p'e"): nunits are selected with probability proportional to size without replacement

2 b
and e'(s)= ’EST where p'(s|i) is the conditional probability of selecting the sample s
p'(s

given that the first unit selected is the population unit i.

The variances of these two strategies are given by

Wi,

_lNyl
=130 Ly

Wi n” gz = Wil

-6° .
seS p’(S) [2 2]

where m; is the joint inclusion probability of population units i and j in a sample under p

definedas Y p(s).

sijes
Sengupta (2016) had compared the model expected variances of these two sampling
strategies under a super-population model M i.e. a class of prior distributions ¢ of
Y =(Y,5-.-» V) under which
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Ea(yl-):ﬁwl-_Va(yl-):O'zwlg,lSlSN,Cova(yi,yj):O,ISi;thN [2.3]

where 3,62 (>0) are unknown parameters and g (> 0) is known or unknown and the suffix

aon E, Vor Cov is used to denote the expectation, variance or covariance with respect to
the prior distribution a. The results obtained are summarized in the following theorem.

Theorem 2.1 For n > 2 and w;’s not all equal,
() E,V(H) < E,V(H) Va if g <1
(ii) E,V(H) < E,V(H) Va if g > 2

Suppose now the character to be sensitive and some RR device R be employed to produce
a randomized response z; on the population unit ; when included in s. In what follows

we shall consider two RR plans, to be denoted respectively as R; and R, mentioned in
Warner (1971) and extensively studied in Pollock and Bek (1976) and Eichhorn and
Hayre (1983) wherein the population unit i is asked to report z; = y; +4 or Ay, where 4 is
a random variable with known probability distribution with £ (4)# 0. This may be
implemented e.g. by asking a sampled unit i to choose at random a number 4; out of a

L
given set of numbers 4;,...,4;, > 4; #0 and to report the value z; = y; + 4; or 4;y; (see
Jj=1
Chaudhuri and Christofides, 2013, Chapter 5). Writing rii=z,— E (4) and rp=2z;/ E (4) it
follows that under R,, 7;,’s are independently distributed with

2 .
Ep =) =yt =12 Vg () =k, Vg, (i) =kyyi, 1<i<N [2.4]

with & =V (4),k, =V (4)/ E*(4) , where the suffixes p, R and both on E (or V) are used to
denote the expectations (or variances) with respect to p, R and both.

An RR strategy Hp=(peg) 1is said to be unbiased for estimating 6 if
E,g(egr)=E,Eg =(eg) =0V y=(»,..yy) . It can be readily verified using [2.4] that under
R, t =1, 2, two unbiased RR strategies Hy =(p,ep) and Hj =(p',e;) can be derived

from the strategies H and H' in the open set-up replacing y; by 7 in e and €. Also the
variances of Hr and H'r are given by

V(Hg)=V,Eg(eg) + E,Vr(eg) =V (H)+E,Vr(er) [2.5]

V(HR)=VyEg(er)+EyVr(er) =V(H') + EVp(eg) [2.6]
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3. Comparison under R1

We first compare the relative efficiency of the sampling strategies under the super-
population model M when these are based on data obtained from an RR survey employing
the RR plan R;. The comparison is based on the following lemma.

Lemma 3.1 For n> 1 and w/’s not all equal, £,V (eg) < E,,Vg(eg) under the RR plan R,.

Proof. We note that under R,

k 1 kY
EPVR(eR):—;EPZ—Z:JZ— [3.1]
n ies Wi Mg Wi

> Gsli) DIV RICLI. 220600
EVp(eR)=hEy| S ——— =k X ==k Y —,
i ’ p/2 (S) seS p (S) ielsies P (S)

[3.2]

Now as p'(S)ZZWip’(s i), z p’(s‘i):l,
%{ Ly p'z(si)}= ! L1 5 PEilp© -]

1
| M gies P'(S) i=1 Wi siies p'(s)

PGl 3w | ) =wip (sl

1 1 i(#i)es
zfzi Z J(0) :
i Wi giies p'(s)
1Y p'(si)iw;p'(s|j) —w;ip'(s|i)
— Z ' Z Z ‘ { J ‘ ‘ }
nges P (S) i# jes Wi
1Y 1 (sl p'(sli
-1y zz{p“”p“”}ww«snwy@n}
Nses P (S) i< jes Wi Wj

1y lyy

nges P (S) i< jes

iy

{ij'(Si) - WiP'(Si)}{WjP'(Sj) —WiP’(S‘i)} =

g [{w,-p'(s\n i GY+ (0w, ) P51 = 6L} w1 ) —wip'(s\i)}}

!
N ses p'(S) i< jes WiW;

by Lemma A.1 in the Appendix. Hence, follows the Lemma.

ESTADISTICA ESPANOLA P! Vol. 59. Nam. 193/ 2017



ESTADISTICA ESPANOLA Pl Vol. 59 Nam. 193/ 2017

68 Samindranath Sengupta e On Comparison Of Horvitz-Thompson...

Combining Lemma 3.1 with Theorem 2.1 we immediately obtain the following theorem
which shows that the relative efficiency under the super-population model M is greater
for Hy if g <1 under the RR plan R1.

Theorem 3.2 For n > 1 and w’s not all equal, E V(Hy)< E,V(Hg)Va if g <1 under the
RR plan R;.

4. Comparison under Rz

We now compare the relative efficiency of the sampling strategies under the super-
population model M when these are based on data obtained from an RR survey employing
the RR plan R,. The comparison is again based on the following lemma.

Lemma4.1 Forn>1and w/’s notall equal, E,E, Vg (e )< E,E, Vg (eg)Ve if g>2under
the RR plan R2.

Proof. We note that under R>

1 i i ) 1Y
EaEpVR(eR)zizEpz 2 :72
n ies Wi n iz

Dky (ﬁzwiz +ozwlg)p'2 (s‘i) Dky (ﬂzwl«2 +02wig)p'2 (s‘i)

As in the proof of Lemma 3.1, we have

1 N W2 p'z(s‘i): N " 1 (ol p/2(S‘l)
L3 g 280t p)-m 2

e <0 [4.3]

and similarly



Samindranath Sengupta e On Comparison Of Horvitz-Thompson... 69

sUies Sles p'(s)

zwgl zw > '2(") % [ S 5/ (sli) - zp'z(”)]

S () ) ) o)
:_;z 1< jes p,(s) <0 [4.4]

for g>2 by Lemma A.1 in the Appendix. The proof now follows from (4.1) — (4.4).

Combining Lemma 4.1 with Theorem 2.1 we immediately obtain the following
theorem which shows that the relative efficiency under the super-population model M is
greater for Hy if g > 2 under the RR plan R>.

Theorem 4.2 For n > 1 and wi’s not all equal, E V(Hg)<E,V(HR)Va if g>2 under the
RR plan R>.

Remark 4.3 For g = 2, the result follows as a special case of a more general result ( see
Arnab, 1995, 1998) that for g =2, the model expected variance of Hr under the super-

population model M is smaller than that of any other linear unbiased strategy for the RR
plan R.

5. Unbiased Variance Estimation

In this section, we consider the problem of unbiased estimation of the variances of the
above two sampling strategies under the two randomized response plans R; and R, and
study the non-negative property of the variance estimators which are useful for
determination of confidence intervals of the population total.

For n > 2, it is well known that in an open set-up ¥ (&) and V (&) can be unbiasedly
estimated, respectively, by

2
V—ZZ[ 7j- ][J’z_y./] [5.1]
i< jes ﬂlj 7T ﬂ-j

a8 [ ) o ) o 22 52

p (S) i< jes i Wi

where p’(s\ij) is the conditional selection probability of s under p’ given that the first

two units selected are the population units i and j (see Yates and Grundy, 1953; Murthy,
1957). It may be noted that the estimator v is uniformly nonnegative since

p'(s)p'(slii)—p'(s|i) p'(s] /)20 Vi<i= j<N (see Pathak and Shukla, 1966; Andreatta

and Kaufman, 1986). Also a sufficient condition for the estimator v to be uniformly
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nonnegative is 7;7; -7; >0 V1<i# j<N which holds for many choices of the sampling

design p (see Brewer and Hanif, 1983; Chaudhuri and Vos, 1988).

Since Vg, (1) =k Vi, it now follows from Arnab (1994) that under Ry for n > 2, V' (Hr)
and V (H) can be unbiasedly estimated, respectively, by

i< jes 7jj T T

2
=3y [’M][m_m] LNk [5.3]

2
1 . . . !

and vp =——>" " p’(s)p’ s‘y -p' S‘l p' S‘j) wiw(’l—J] + Nk [5.4]
p’z(s)i<jes|: ( ) ( ) ( :| J wow;

which are clearly uniformly nonnegative if the estimator v, defined in (5.1), is so in the

open set-up.

N N N
It can also be readily verified that under p and p/, > Vg, (112) =k, Syi= ka . > Eps (r22 )
in1 i=1 2 +1i5 '
2 2 s
7 r s|i
can be unbiasedly estimated under R», respectively, by ka > -2 and ky ZL(‘)
k2 +1i€s 7T k2 +1ies p (S)

Hence, it similarly follows from Arnab (1994) that under R, for n > 2, V (Hg) and V (Hy)
can be unbiasedly estimated, respectively, by

2
o zz[”][} e (53]

i< jes 7[1] 7T ”j k2 +1ies 7T

and

=SS [ ) (0o o [ 22« s B (s

P' (S) i< jes i Wy k2+1ies p'(S)

J

which are again uniformly nonnegative if the estimator v, defined in (5.1), is so in the
open set-up.

Appendix

Lemma AL If for i=jes, w2w; then (i) wfp'(s|i)<whp'(s]j) for k < 0 and (i)
wi p'(s|i) = wh p'(s] j) for k > 1 with equalities if and only if w; =w; .

The proof of the lemma is given in Sengupta (2016).
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